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Resumen

Casi un siglo después del desarrollo de la mecanica cuantica, tanto sus fundamentos
tedricos como los avances tecnoldgicos han progresado rapidamente. La mecéanica
cuantica, con propiedades como la superposicion y el entrelazamiento, ofrece el potencial
para tecnologias inalcanzables mediante medios clasicos. La primera revolucién cuantica,
hace casi un siglo, dio lugar al desarrollo de tecnologias fundamentales. Estas tecnologias
se hicieron posibles gracias a nuestra comprension de la mecanica cuantica, pero no
aprovechan completamente su potencial, el cual requiere un control preciso sobre unidades
cuanticas aisladas.

En los dltimos treinta anos, los métodos para aislar sistemas cuanticos han avanzado,
lo que nos ha permitido controlar y confinar sistemas cuénticos individuales. Esto ha
iniciado la segunda revolucién cuantica, que promete avances en computacion cuantica,
comunicacion y sensado. Sin embargo, escalar los sistemas cuanticos sigue siendo un
desafio, particularmente el equilibrio entre aislar los qubits y crear interacciones fuertes
y coherentes entre ellos.

Mientras la tecnologia para la computacion cuantica madura, aiin podemos avanzar en
aplicaciones del mundo real de la mecanica cuantica que exploten sus propiedades. El
sensado cuantico aprovecha justamente la propiedad que la computacion cuantica busca
evitar: la interaccién con el entorno. Los sensores cuanticos capitalizan la debilidad
central de los sistemas cuanticos: su alta sensibilidad a las perturbaciones externas.
En el sensado cuantico, el objetivo es explotar la extrema sensibilidad de los sistemas
cuanticos a senales externas para medirlas con alta precision. Esto requiere que el sistema
cuantico esté deliberadamente acoplado al entorno externo para detectar cambios sutiles.
Como resultado, mientras los sistemas de computacién cudntica buscan el aislamiento
para proteger la coherencia, los sistemas de sensado cuantico estan diseniados para
ser altamente sensibles a interacciones especificas, lo que hace que el equilibrio entre
aislamiento y acoplamiento sea una consideracién central en el desarrollo de tecnologias
cuanticas.

Los sensores cuanticos vienen en diversas formas, cada una adecuada para aplicaciones
especificas. Entre ellos, los sistemas de espin en estado sélido, particularmente los
defectos de espin en materiales como diamante y silicio, han ganado gran atenciéon
debido a su estabilidad y potencial de miniaturizacién. Los defectos de espin, como
los centros de nitrégeno-vacancia (NV) en diamante, han atraido atencién considerable
debido a su capacidad para operar a temperatura ambiente y su estabilidad en cristales
muy pequeiios y nanostructuras. El centro NV es un defecto puntual que consiste en un
atomo de nitrégeno adyacente a una vacancia en la red de carbono. Su fluorescencia
dependiente del espin permite la deteccién 6ptica de campos magnéticos, proporcionando
una herramienta altamente sensible para sondear diversas cantidades fisicas, como
campos magnéticos, lo que convierte a los centros NV en una plataforma lider para
tecnologias de sensado cuantico.

La fluorescencia del centro NV ha permitido estudios exhaustivos de sus propiedades
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fisicas, incluyendo el comportamiento de excitacion, la dependencia con la longitud
de onda, los procesos de ionizacién, la dindmica de espin y los efectos térmicos, entre
otros. Su fluorescencia generalmente se modela utilizando ecuaciones de tasas para las
poblaciones de niveles, pero esta tesis introduce un nuevo marco tedrico para modelar
las estadisticas de emision de fotones (PES) del centro NV.

Aunque los modelos tradicionales basados en ecuaciones de tasas han sido utiles para
describir las propiedades 6pticas de los centros NV, estos enfoques no permiten capturar
de manera precisa la emision de fotones, que depende no solo de las poblaciones de los
estados electronicos del sistema, sino también de las transiciones dinamicas entre los
estados cuanticos.

Para abordar estas limitaciones, esta tesis propone un modelo basado en el formalismo
de saltos cuanticos, que permite una descripcién mas completa de la emision de fotones,
esencial para entender el comportamiento de los centros NV en situaciones experimentales.
Estos modelos se habian aplicado anteriormente a otros sistemas cuanticos, pero no al
estudio de la fluorescencia del centro NV. A través de este modelo, se puede estudiar
c¢émo la emision de fotones estd influenciada por el estado de espin del centro NV, lo que
permite una lectura optica dependiente del espin altamente sensible, una caracteristica
crucial en aplicaciones como el procesamiento de informacién cuantica y la deteccion de
campos magnéticos.

Ademas de proporcionar una visiéon mas detallada de la emision de fotones, el modelo
propuesto permite obtener funciones de autocorrelacion temporal, que son fundamentales
para caracterizar la coherencia temporal y la interferencia cudntica en los centros
NV. Esta nueva aproximaciéon no solo mejora la comprension de las propiedades de
fluorescencia de los centros NV, sino que también abre la puerta a la optimizacion de
protocolos experimentales para el sensado de campos magnéticos y otras aplicaciones
cuanticas, permitiendo una conexién directa entre el estado cuantico del sistema y la
secuencia de fotones detectados.

La contribucion a la caracterizacion va mas alla de los centros NV, ya que el método
PES puede adaptarse a otros centros de color y sistemas cuanticos. La capacidad del
modelo para incorporar fenémenos complejos, como la ionizacién, la dependencia con la
longitud de onda y la absorcion de dos fotones, ofrece una herramienta potente para
mejorar las mediciones actuales de centros NV, proponer nuevas técnicas de lectura y
aumentar la sensibilidad y precision de los dispositivos de sensado cuantico.

La validez del modelo PES fue confirmada mediante una comparacién exhaustiva con
datos experimentales obtenidos de sistemas de centros NV en el laboratorio. Los
resultados experimentales demostraron que el modelo puede replicar con alta precision
fenémenos clave, como la distribucién temporal de los fotones emitidos y las funciones
de autocorrelacion de segundo orden. Esto valida no solo la exactitud del modelo en la
representacién de la dinamica de emision de fotones, sino también su capacidad para
predecir el comportamiento de los centros NV bajo diversas condiciones experimentales.
Ademas, el modelo facilita el estudio de fenémenos de deteccion imperfecta, como las
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ineficiencias en los detectores Opticos, lo que permite evaluar el impacto de estos errores
en la caracterizacion de los centros NV y optimizar el disefio de sistemas experimentales.
La mejora en la caracterizacion de los centros NV es esencial para aplicaciones de sensado
cuantico en campos como la metrologia, la deteccion de biomoléculas y la navegacion
cuantica.

El modelo PES desarrollado en esta tesis marca un avance significativo en el en-
tendimiento de la fluorescencia de los centros NV. Este modelo no solo mejora nuestra
capacidad para modelar las interacciones cuanticas en estos sistemas, sino que también
abre nuevas oportunidades para disenar protocolos de sensado cuantico mas eficientes y
precisos. La posibilidad de simular dinamicas complejas, como la llegada de fotones y
la ionizacion, proporciona una herramienta esencial para optimizar el rendimiento de
las aplicaciones cuanticas basadas en centros NV, desde la metrologia cuantica hasta la
computacién cuantica.

Una comprension profunda de la fotofisica de los centros NV es crucial para avanzar en
la tecnologia basada en centros NV. Mientras que la investigacion fundamental continta
explorando las propiedades electrénicas y de espin de los centros NV, este conocimiento
se esta aprovechando cada vez mas para investigar fenémenos cuanticos, como el
entrelazamiento y la superposicion, y para sondear sistemas a escala nanométrica con
una precision sin precedentes. Estos estudios han allanado el camino para aplicaciones
practicas de los centros NV, incluyendo avances en bio-sensores y técnicas de RMN a
escala nanométrica. Sin embargo, realizar completamente el potencial de los centros NV
en escenarios del mundo real presenta varios desafios técnicos.

Esta tesis presenta un microscopio confocal compacto como una soluciéon innovadora a la
limitacién de tamano y costo que enfrentan los sistemas cuanticos basados en centros NV.
Los sistemas experimentales utilizados para detectar y controlar centros NV suelen ser
grandes, costosos y complejos, 1o que hace que su adopcion sea limitada a laboratorios de
investigacion altamente especializados. Este microscopio confocal compacto fue disenado
con el objetivo de reducir el tamano del sistema sin comprometer su rendimiento y
precisiéon. El microscopio compacto desarrollado en esta tesis integra las funciones
esenciales para manipular centros NV—desde la inicializacion optica y la lectura de
espin hasta el control coherente de estados cuanticos—y su disefio accesible abre la
puerta a que instituciones con recursos limitados puedan incursionar en investigaciones
cuanticas de vanguardia.

El microscopio fue disenado para ser portatil y modular, lo que facilita su uso en una
variedad de entornos experimentales, mas alla de los laboratorios especializados. Esto es
particularmente importante para llevar las tecnologias cuanticas a aplicaciones practicas
fuera del laboratorio, como en la industria, la biomedicina o la investigacién de campo.
Ademas, el sistema es lo suficientemente flexible como para ser adaptado a diferentes
tipos de experimentos y configuraciones, lo que lo convierte en una herramienta versatil
para los investigadores.

La eficacia del microscopio confocal compacto fue validada mediante una serie de
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experimentos que incluyeron la detecciéon de centros NV individuales y el control de
espin con alta fidelidad. Los resultados mostraron que el microscopio es capaz de realizar
mediciones cuanticas avanzadas con una precision comparable a la de los sistemas mas
grandes y complejos. Este logro demuestra que el microscopio compacto puede realizar
las mismas tareas fundamentales necesarias para trabajar con centros NV, pero con un
tamano y coste significativamente reducidos.

Uno de los aspectos méas notables de la validacién experimental fue la capacidad del
microscopio para realizar mediciones cuanticas de control coherent en centros NV
individuales. Estos experimentos confirmaron que el microscopio confocal compacto es
capaz de obtener mediciones de alta precisién y sensibilidad, lo que refuerza su potencial
para aplicaciones en sensado cuantico y otras areas que requieren la deteccion precisa
de senales cuanticas.

El microscopio confocal compacto desarrollado en esta tesis tiene un impacto directo en
la accesibilidad de las tecnologias cudnticas basadas en centros NV. Al reducir el tamafio
y costo de los sistemas experimentales, este microscopio permite que las tecnologias
cuanticas sean mas accesibles para instituciones con recursos limitados. Ademas, su
versatilidad y portabilidad lo hacen ideal para su uso en una amplia gama de aplicaciones,
desde la investigacion fundamental hasta las aplicaciones industriales y biomédicas. Este
avance experimental no solo mejora la eficiencia de las mediciones cudnticas, sino que
también democratiza el acceso a las tecnologias cuanticas, permitiendo su adopcion a
una escala mas amplia.

Desarrollar sistemas robustos para la interrogacién de centros NV es esencial, pero
lograr un control coherente del espin del centro NV es igualmente crucial para realizar
mediciones de alta precision y sensibilidad. Esto requiere mantener estados cuanticos
coherentes durante periodos prolongados. Tanto la computaciéon cudntica como el
sensado cuantico dependen de esta coherencia para procesar informacion y medir
cantidades fisicas. Las técnicas desarrolladas inicialmente para minimizar la decoherencia
y optimizar la fidelidad de las puertas cuanticas en ordenadores cuanticos, como el
desacoplamiento dinamico y los protocolos de correcciéon de errores, pueden adaptarse
para mejorar el rendimiento de los sensores cuanticos. Ademads, los algoritmos cuanticos
que aprovechan el entrelazamiento y la superposicion deben aplicarse en el sensado
cuantico para mejorar la deteccién de senales débiles y lograr mediciones de alta precision.

El aprendizaje automatico cuantico (QML, por sus siglas en inglés) es un conjunto
de algoritmos cuanticos que presenta una frontera emocionante en el aprovechamiento
de las propiedades de los sistemas cuanticos. Los algoritmos QML pueden ofrecer
aumentos significativos en la velocidad para procesar grandes conjuntos de datos y
resolver problemas complejos de optimizacion que serian intratables para los sistemas
clasicos. Esta tesis investiga arquitecturas de redes neuronales cuanticas (QNNs), con el
fin de mejorar las capacidades de modelado y prediccion de funciones complejas.

Las QNN son capaces de realizar tareas de regresion complejas y optimizacién de manera
mas eficiente que los métodos clasicos, gracias a la capacidad de los qubits de explorar
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multiples soluciones simultaneamente mediante la superposicién cuantica. En esta tesis
se explora como crear QNNs mas eficientes, y como el entrelazamiento cudntico y las
mediciones entrelazadas pueden mejorar atiin més la capacidad de estas redes.

El andlisis de las capacidades de las redes neuronales cuanticas (QNNs) se realiz6
mediante herramientas analiticas avanzadas, como la descomposicién de Fourier, que
permitio evaluar la expresividad de las redes. Los resultados mostraron que las QNNs
pueden actuar como aproximadores universales de funciones, alcanzando altos niveles
de precision y capacidad de generalizacion. Un aspecto clave que mejord el rendimiento
de estas redes fue la utilizacion de mediciones entrelazadas globales, que aumentan la
cantidad de informacién que puede ser extraida de los qubits y mejoran la capacidad
de la red para modelar funciones complejas y no lineales. El estudio también reveld
coOmo la profundidad de la red y el nimero de qubits juegan un papel fundamental en
el rendimiento de las QNNs. Cuantos méas qubits se integren en la red y mayor sea su
profundidad, mas complejas y precisas son las soluciones que las QNNs pueden generar.

También se plantea la integracion de QNN en centros NVs. Las aplicaciones potenciales
de las QNNs basadas en centros NV son vastas y tienen un gran impacto en multiples
areas cientificas y tecnologicas. En el ambito del sensado cuantico, las QNNs pueden
mejorar la precision en la deteccion de campos magnéticos, lo que permite avanzar en
areas como la metrologia cuantica, la microscopia magnética y la detecciéon biomédica.
Gracias a su capacidad para procesar sefiales no lineales con gran sensibilidad, los centros
NV y las QNNs pueden ser utilizados para detectar senales débiles en presencia de ruido,
lo que mejora la resolucion de las mediciones en condiciones experimentales complejas.

Ademas, las técnicas de control tradicionales empleadas en el sensado cudntico pueden
ser mejoradas con el aprendizaje automatico cuantico (QML) para mitigar el ruido y
la decoherencia, mejorando atin mas la fiabilidad y precisién de los sistemas cuanticos.
En esta tesis se implementan técnicas de estimacion bayesiana de parametros y otras
técnicas de regresion en la deteccion de campos magnéticos variables en el tiempo
utilizando centros NV, lo que permite una extraccion mas precisa y eficiente de los
parametros de la senal en entornos ruidosos.

El trabajo presentado en esta tesis sienta las bases para futuras investigaciones y
desarrollos en las tecnologias cuanticas basadas en centros NV. A medida que la eficiencia
en la deteccion de fotones mejora, se abrirdn nuevas posibilidades para las aplicaciones de
sensado cuantico en areas como la biomedicina, la investigaciéon material, la navegacion
cuantica y la computacion cuantica. La escalabilidad de los sistemas NV es otro
desafio importante que se deberd abordar en el futuro. El desarrollo de redes cuanticas
basadas en centros NV, que sean coherentes y eficientes, abrird nuevas fronteras en la
comunicacion cuantica y la computacién cudntica a gran escala.

Esta tesis ha realizado contribuciones significativas al avance de las tecnologias cuanticas
basadas en centros NV, mediante el desarrollo de un modelo tedrico avanzado para las
estadisticas de emision de fotones, la construccion de un microscopio confocal compacto
y la exploracién de arquitecturas de aprendizaje automatico cuantico. La integracion de



centros NV en redes neuronales cuanticas ofrece un camino hacia aplicaciones practicas
mas poderosas, mientras que el microscopio compacto facilita el acceso a estas tecnologias,
permitiendo que mas instituciones puedan beneficiarse de sus ventajas. Los resultados
de esta tesis sientan las bases para el futuro de las tecnologias cuanticas, con un impacto
significativo en areas como el sensado cuantico y el aprendizaje automatico cuantico.
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Abstract

Nitrogen-Vacancy (NV) centers in diamond hold transformative potential in quantum
technologies, leveraging their unique spin-optical properties, long coherence times, and
room-temperature operation. However, challenges such as inefficient photon detection
and bulky experimental setups hinder their broader deployment. This thesis addresses
these issues through advancements in theoretical modeling, experimental design, and
computational integration of NV centers.

A key contribution is a novel framework for modeling Photon Emission Statistics (PES)
in NV centers. Building on the quantum jump formalism, this model improves upon
traditional rate-equation approaches by explicitly linking photon emission streams to
NV quantum states. This detailed understanding enables the optimization of quantum
sensing protocols, particularly for magnetic field measurements, by enhancing sensitivity
and efficiency. The PES framework also supports simulations of photophysical properties,
facilitating analysis of photon arrival times and autocorrelation functions.

To transition NV-based systems from laboratories to real-world applications, the thesis
introduces a compact confocal microscope for optical initialization and coherent control
of NV states. This miniaturized system addresses size, complexity, and cost barriers,
broadening accessibility and enabling deployment in diverse environments.

The integration of NV centers into Quantum Machine Learning (QML) is another focus,
exploring their role in quantum neural network (QNN) architectures. NV centers are
shown to enable high-fidelity qubit operations and entangling gates, enhancing QNNs
ability to perform complex regression tasks. The analysis reveals how network depth,
qubit count, and entanglement influence QNN performance, underscoring the potential
of NV centers in quantum-enhanced computation.

Y

These advancements are supported by theoretical, experimental, and computational
validations. The PES framework improves NV center characterization, the portable
microscope achieves efficient NV control, and the QNN research demonstrates NV center
utility in advanced computational frameworks.

Looking forward, this work lays the foundation for several promising directions. Future
research could focus on improving photon detection efficiency to further enhance sensing
performance. Additionally, scaling NV center-based systems for use in quantum networks
remains a critical challenge that warrants continued investigation. The integration of NV
centers into scalable quantum machine learning models also offers significant potential
for advancing both fields. By addressing these challenges, the findings of this thesis will
help to unlock the full potential of NV centers in quantum technologies, bridging the
gap between fundamental research and practical applications.
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Chapter 1

Introduction

1.1 Quantum Technologies

Almost a century after the development of quantum mechanics, both its theoretical
foundations and its technological advancements have rapidly progressed. Quantum
mechanics, with properties such as the Heisenberg uncertainty principle, superposition,
and entanglement, offers the potential for technologies unattainable by classical means
[1]. The first quantum revolution, nearly a century ago, has led to the development of
fundamental technologies such as nuclear magnetic resonance (NMR) spectroscopy and
imaging (MRI) [2], lasers [3], atomic clocks [4], semiconductors and transistors [5]. These
advancements have facilitated numerous applications in other areas of fundamental
physics research, including the precise measurement of fundamental constants [6], laser
frequency combs [7], scanning tunneling microscopy (STM) [8], and superconducting
quantum interference devices (SQUIDs) [9]. These technologies have become possible
due to our understanding of quantum mechanics, but they do not fully harness their
potential, which requires precise control over isolated quantum units.

In the past thirty years, methods for isolating quantum systems have advanced,
allowing us to control and confine single electrons [10], atoms [11], ions [12], and
spin qubits [13]. This has initiated the second quantum revolution [14], promising
breakthroughs in quantum computing, communication, and sensing. However, scaling
quantum systems remains challenging, particularly when trying to balance the isolation of
qubits with the control of strong and coherent interactions among them. [15]. Promising
candidates such as trapped atoms face limitations, such as the complexity of scaling
and confinement challenges [16], which is generating interest in solid-state systems such
as quantum dots [17], superconducting qubits [18], and atomic defects in crystals [19].

While the technology for quantum computing matures, we can still advance real-
world applications of quantum mechanics that exploit its properties. Quantum sensing
leverages the very property that quantum computing aims to avoid: interaction with
the environment. Quantum sensors capitalize on the central weakness of quantum
systems, their strong sensitivity to external disturbances [20]. In quantum sensing, the
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goal is to exploit the extreme sensitivity of quantum systems to external signals to
measure them with high precision. This requires the quantum system to be deliberately
coupled to the external environment to detect subtle changes. As a result, while quantum
computing systems strive for isolation to protect coherence [21], quantum sensing systems
are designed to be highly sensitive to specific interactions [22], making the trade-offs
between isolation and coupling a central consideration in the development of quantum
technologies [23].

Quantum sensors come in various forms, each suited to specific applications. Notable
examples include spin-based sensors [24], cold-atom interferometers [25], and SQUIDs
[26]. Among these, solid-state spin systems, particularly spin defects in materials such
as diamond and silicon, have gained significant attention due to their stability and
miniaturization potential [27]. Spin defects, such as nitrogen-vacancy (NV) centers in
diamonds [28], possess unique quantum properties that allow precise measurements of
magnetic fields [29], electric fields [30], temperature [31], and even strain [32] at the
nanoscale. NV centers, in particular, have gained substantial attention due to their
ability to operate at room temperature and their stability in very small crystals and
nanostructures [33]. The NV center is a point defect in diamond consisting of a nitrogen
atom adjacent to a vacancy in the carbon lattice. Its spin-dependent fluorescence enables
optical detection of magnetic fields [34], providing a highly sensitive tool for probing
various physical quantities, making NV centers a leading platform for quantum sensing
technologies [35].

The fluorescence of the NV center has allowed extensive studies of its physical
properties, including excitation behavior [36], wavelength dependence [37], energy gaps
[38], ionization processes [39], spin dynamics [40], and temperature effects [41], among
others. Its fluorescence is typically modeled using rate equations for level populations,
but Chapter 2 introduces a new theoretical framework for modeling the photon emission
statistics (PES) of the NV center [42], enhancing our understanding of the relationship
between its internal states, the qubit state, and the detectable photons emitted. This
model aims to optimize detection protocols, maximizing sensitivity for quantum sensing
applications.

A deep understanding of NV center photophysics is crucial for advancing NV center-
based technology. Although fundamental research continues to explore the electronic
and spin properties of NV centers, this knowledge is increasingly being leveraged to
investigate quantum phenomena, such as entanglement and superposition [43, 44, 45],
and to probe nanoscale systems with unprecedented precision [46, 47]. These studies
have paved the way for practical applications of NV centers, including advances in
biosensing [48, 49] and nanoscale NMR techniques [50, 51]. However, fully leveraging
the potential of NV centers in real-world scenarios presents several technical challenges.
Key challenges include the size, complexity, and cost of the sophisticated optical systems
currently used for the manipulation and measurement of NV centers [52, 53]. Addressing
these challenges is critical to moving beyond laboratory setups and towards scalable,
deployable technologies. In Chapter 3, we present a new compact and portable confocal
setup specifically engineered for efficient detection and control of single NV centers. Our
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system not only facilitates the optical initialization and readout of individual NV center
photoluminescence signals, but also enables precise coherent spin control. This compact
design represents a significant step toward making NV center-based technologies more
accessible and practical for both research and industrial applications.

Developing robust systems for NV center interrogation is essential, but achieving
coherent control of the NV center spin is equally crucial for high-precision and sensitivity
measurements [54]. This requires maintaining coherent quantum states over extended
periods. Both quantum computing and quantum sensing depend on this coherence to
process information and measure physical quantities. Techniques initially developed to
minimize decoherence and optimize quantum gate fidelity in quantum computers—such
as dynamical decoupling and error correction protocols—can be adapted to enhance
the performance of quantum sensors [55, 56]. Additionally, quantum algorithms that
leverage entanglement and superposition need to be applied in quantum sensing to
improve weak signal detection and achieve high-precision measurements [19].

Quantum machine learning (QML) is a set of quantum algorithms that present
an exciting frontier in leveraging the properties of quantum systems [57, 58]. QML
algorithms can offer significant speedups in processing large datasets and solving complex
optimization problems that would be intractable for classical systems. In particular,
NV centers can serve as qubits within hybrid quantum-classical frameworks [59], where
their quantum states are used to encode and manipulate high-dimensional data in ways
that accelerate machine learning tasks. This opens up new possibilities for developing
quantum-enhanced models capable of recognizing patterns [60], optimizing systems [61],
and making predictions with unprecedented accuracy [62]. In Chapter 4, we explore the
potential of Quantum Neural Networks (QNNs) for regression tasks.

This thesis is organized into five chapters. Chapter 1 introduces the physics of
the NV center and provides an overview of the current state of research. Chapter 2
introduces a phenomenological model that characterizes the fluorescence properties of
NV centers, validating it through experimental benchmarks and optimizing readout
techniques for quantum sensing. In Chapter 3 we present the design and development of
a compact confocal system for the detection and control of single NV centers, detailing its
implementation and addressing performance enhancement strategies. Finally, Chapter
4 investigates a quantum neural network (QNN) architecture for regression tasks,
examining how entanglement and encoding strategies influence the expressivity of
the network and approximation capabilities. The thesis concludes in Chapter 5 with
discussions of future research opportunities for NV centers and applications of QNNs in
quantum technologies.

1.2 The nitrogen-vacancy center

Nitrogen-vacancy (NV) centers in diamond have emerged as highly promising candidates
for quantum technologies. Embedded within a robust solid-state device, NV centers
exhibit atom-like characteristics, including long-lived spin quantum states and well-
defined optical transitions [33]. In particular, the electron spins of the NV centers can be
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NV || [111] NV | [111] NV || [I11] NV || [111]

Fig. 1.1: Four possible orientations of nitrogen-vacancy (NV) color centers in diamond.
Carbon atoms are depicted in black, nitrogen (N) atoms in green, and vacancies (V) in

red.

easily initialized, controlled, and read at room temperature under ambient conditions [54].
This feature simplifies experimental setups and enhances the practicality of employing
NV centers in quantum technology development.

Diamond is a wide bandgap material (5.47 eV) composed purely of carbon atoms
[33], traditionally valued for its macroscopic properties such as hardness and thermal
conductivity. Although pure diamonds are made up entirely of carbon, both synthetic
and natural diamonds can contain a variety of impurities. These defects may arise from
lattice irregularities or impurities introduced during or after diamond growth, typically
on the nanometer scale. Defects significantly influence the properties of diamonds,
particularly its color and electrical conductivity, and are commonly known as color
centers. Each of these centers introduces an absorption band that can impart a strong
coloration to diamond crystals, especially when present in high concentrations [63].

Because of the exceptionally rigid lattice of diamond, it can only accommodate a
restricted range of impurities, such as boron and nitrogen. The existence of defects
in solid-state materials, including diamond, establishes a foundation for implementing
quantum technologies in wide-bandgap materials. Certain defects introduce isolated
electronic spins into the lattice, which can be controlled optically. These isolated spins
create a mechanically robust system that, when coupled with advanced fabrication
techniques, becomes highly scalable and holds promise for applications in nanoscale
sensing and quantum information. The NV center is a notable example of a defect center
in diamond that has garnered extensive research attention due to its long coherence
times, even at room temperature [33].

The NV center consists of a substitutional nitrogen atom at one of the carbon sites
in the diamond lattice and a vacancy in an adjacent site. The symmetry axis of the NV
center can be oriented along one of four possible crystallographic directions, as illustrated
in Fig. 1.1. NV centers are typically formed from single substitutional nitrogen centers
(often referred to as P1 centers in diamond literature) through a process involving
irradiation followed by annealing at temperatures above 700°C [64, 65]. Various high-
energy particles such as electrons, protons, neutrons, ions, and gamma photons can be
used for irradiation, creating lattice vacancies. These vacancies remain immobile at room
temperature and require annealing to become mobile. Single substitutional nitrogen
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atoms induce strain in the diamond lattice, effectively capturing these vacancies during
annealing and forming NV centers. The NV center can also be created through chemical
vapor deposition (CVD) of diamond [66], where a small fraction of single substitutional
nitrogen impurities (typically <0.5%) traps vacancies generated by plasma synthesis,
with NV centers aligning preferentially along the growth direction. Delta doping of
nitrogen during CVD growth can further create two-dimensional ensembles of NV centers
near the diamond surface, thereby enhancing sensing or simulation capabilities.

The NV center primarily exists in one of two charge states [39]: the neutral NV°
and the negatively charged NV~. These states exhibit distinct spectral properties, with
NV~ having a characteristic zero-phonon line (ZPL) at 637 nm, while NVY shows a
ZPL at 575 nm [33]. Both forms of the NV center have well-defined vibronic bands
extending from their respective ZPLs, which are associated with NV-phonon coupling.
Throughout this work, we primarily refer to the NV~ state simply as the NV center,
as it is the state whose spin can be polarized and read out. However, in Section 2.5,
we delve deeper into the ionization dynamics of the NV center and its influence on the
readout of the NV~ state.

1.2.1 Electronic structure and optical properties

3E
F N
ms = *£1
F N
ms =20
14,
'E
ms = *+1
- ms =20
3A2

Fig. 1.2: Energy level diagram of the NV center. The optical transitions are spin
conserving. Green arrows indicate optically induced transitions, while red arrows
indicate decays that lead to the emission of a red photon. Dashed arrows indicate weak
transitions.

The electronic structure and optical properties of the NV center make it an excep-
tionally interesting system for research, enabling optical readout and initialization of its
ground state [67]. The photophysics are governed by three electronic levels, depicted in
Fig. 1.2: a triplet ground state 3A,, a triplet excited state >F, and a metastable singlet



Ivan Panadero Mufioz

state comprising two levels *A; and 'E. The optical transition between the ground
state and excited state occurs at a resonant wavelength of 637 nm (Zero-Phonon Line).
Efficient excitation of the NV center is achieved with light within its vibronic absorption
band (480-637 nm). Non-resonant light couples the ground states to the phononic band
of the excited-state manifold, from where the system rapidly decays - in a timescale of
femtoseconds - into the corresponding spin-conserving excited state [42]. This decay
process through vibrational sidebands disrupts optical coherence between the ground
states and the excited states, resulting in a broad emission spectrum (630-800 nm).

Despite extensive research on the NV center structure over the past thirty years,
ongoing investigations continue to explore its fundamental properties, including its
excitation behavior under different wavelengths [68], the energy gaps between levels
[69], its ionization process [39], and its temperature dependence [70]. These properties
are primarily studied through measurements of NV fluorescence, as well as electrical
readout and spectroscopy. Although various models exist to explain different phenomena
related to the NV center, each with different proposed transitions and decay rates, the
fluorescence is consistently modeled by solving rate equations for level populations.

In Chapter 2, we introduce a novel theoretical framework based on the quantum
jump formalism, which improves the modeling of NV fluorescence by directly accounting
for the complete photon emission statistics [71]. Unlike conventional models, which focus
primarily on steady-state solutions and population dynamics, our approach explicitly
simulates the time-dependent emission process, providing a more accurate and detailed
characterization of the NV center evolution. This method allows us to clarify the
relationship between the spin dynamics of internal quantum states and the stream of
photons arriving at the detector.

This model not only provides deeper insight into the emission processes of the NV
center but also enables the simulation of autocorrelation measurements [72], which
are essential for understanding quantum coherence and entanglement in NV-based
quantum sensors. Furthermore, the framework supports the development of more
efficient detection protocols that optimize energy and time resources while enhancing
system sensitivity in applications such as magnetic-field measurements. The ability to
simulate photon emission at this level of detail opens up new avenues for designing more
precise and reliable NV-based quantum sensors, making it a significant advancement
over existing methods.

1.2.2 Spin properties

The two triplet states, the ground state 3A, and excited state *E, are further split by
spin-spin interaction into three spin sublevels: m; = +1 and my = 0, denoted by the
manifolds {|0),|1),|—1)} for the ground state and {|e0), |el),|—el)} for the excited
state [73]. Due to the axial symmetry of the NV center, the two m, = +1 states are
degenerate in the absence of a magnetic field, while the mg = 0 state has a lower energy.

The energy difference between the spin sublevels ms; = 0 and m; = +1, known as the
zero-phonon line (ZPL), is D =2.87 GHz for the ground state and D, = 1.42 GHz for
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the excited state. The degeneracy between m, = +1 states can be lifted by applying
an external magnetic field B along the NV quantization axis, causing these levels to
split. This energy splitting, known as the Zeeman splitting, is given by 2+.B, where 7,
is the electron gyromagnetic ratio. This magnetic field dependence forms the basis of
all magnetic sensing applications for the NV center.

Two important features of the NV center as a quantum system are its ability
to be initialized into the ground state spin level |0) when optically excited and its
spin-dependent fluorescence, allowing the spin state of the NV center to be optically
addressed. Optical readout is possible because the decay process from the excited states
is spin-dependent [67]. Both the |0) and |+1) states can relax either directly to the
ground state through radiative decay or to the metastable state. The probability of
decaying to the metastable state rather than through the bright radiative transition is
higher for the |t+el) states than for the |e0) state . Consequently, the NV center appears
darker when optically excited from |£1) state. The optical contrast between the states
|0) and |£1) is approximately 30%, with some studies reporting even higher optical
contrasts [39]. On the other hand, initialization is achievable because the electronic spin
is not conserved during the transition from the excited state to the metastable state.
However, the metastable state relaxes to the |0) state of the ground state with higher
probability than to the |£1) states. This means that after excitation, the |0) state will
become more populated than the |+1) states, effectively polarizing the NV center [74].

Another remarkable property is that the spin state of the NV center can be coherently
controlled by applying microwave (MW) radiation resonant with the ground state
transition |0) <+ [4+1) or |0) <+ |—1) [54]. This induces coherent population oscillations
between the spin sublevels, resulting in an observable drop in the NV center fluorescence.
This transition can have a very long spin coherence time, approaching the second-time
regime [33]. Many magnetometry applications rely on this principle, leveraging the
fact that transition energies are influenced not only by external magnetic fields but
also by factors such as temperature, pressure, and electric fields [73]. This coherent
control facilitates the implementation of various control pulsed sequences, such as the
Ramsey sequence for precise magnetic field measurements, the Hahn-Echo sequence to
assess the coherence time of the NV center, and dynamical decoupling sequences aimed
at extending coherence by shielding the system from environmental influences. These
capabilities underscore the versatility of the NV center and its potential in a wide range
of applications.

1.3 NV center applications

NV centers demonstrate versatility across a wide range of quantum applications. They
extend the range and efficiency of quantum information transfer by functioning as
quantum repeaters in quantum communication [75]. In quantum computing, NV centers
serve as quantum memories [76], enabling the storage and retrieval of quantum data.
Moreover, NV centers have been proposed as fundamental units for quantum information
processing in quantum simulation [77], contributing to the exploration and understanding
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of quantum systems. The adaptability of NV centers in these diverse roles underscores
their pivotal role in advancing quantum technologies.

NV centers are particularly valuable for sensing magnetic fields because of their
spin-based capabilities. However, these capabilities extend naturally to a wide range
of other physical quantities, including temperature [70], electric fields [78], pressure
[79], and angular precession [80]. The foundation for these sensing applications lies in
the long-lived quantum coherence of NV centers, which can persist for up to several
milliseconds, enabling the creation of robust, calibration-free sensors. Coherent control
of qubits, utilizing techniques such as dynamical decoupling, is crucial to achieving
optimal performance in these applications. NV centers are distinguished for their high
sensitivity and impressive spatial, spectral, and temporal resolution [81].

Diamond, as the host material for NV centers, offers significant advantages for the
development of this technology. Its intrinsic properties, such as strength, transparency,
and excellent thermal conductivity, enhance the functionality of the NV centers. In
addition, the ability to fabricate photonic structures directly from diamond crystals,
such as microlenses [82], microcavities [83], and nanopillars [72], simplifies the creation
of efficient optical interfaces for the interrogation of the NV center. Furthermore, the
compatibility of diamond with biological systems makes it highly suitable for quantum
biosensing applications, particularly when employing nanodiamonds. This unique
combination of properties positions NV centers as versatile and powerful tools for a
broad spectrum of sensing applications, ranging from fundamental physics research
[84, 85] to biomedical diagnostics [86, 87].

The NV center, despite its promising applications, faces several challenges [52, 8],
such as the lack of spatial control in its implantation [89] and low photon collection
efficiency [90]. Another critical hurdle is the need for the development of portable
and accessible experimental instruments to broaden the impact and applicability of
this quantum platform [91]. Recent advances have led to the miniaturization and
integration of NV center technology based on ensembles into compact platforms and
systems [92, 93, 94, 95, 96, 97]. These developments not only reduce setup footprint but
also significantly lower costs, making the technology more accessible across industries
and to the broader public. This breakthrough in size, compactness, and affordability
holds the potential to revolutionize applications ranging from quantum computing and
sensing [98] to biomedical imaging [48].

However, these advancements have not yet been fully realized for the detection of
single NV centers, which require highly sensitive and efficient detection capabilities.
Detecting single NV centers is crucial for harnessing their quantum capabilities to
the fullest extent. In the realm of quantum sensing and diamond-based technologies,
the detection of single NV centers has been extensively studied [99, 33]. Various
methodologies, such as confocal microscopy and wide-field imaging, have been employed
in previous studies to experiment with NV centers [100, 101]. Although these approaches
have contributed significantly to understanding and exploiting quantum phenomena at
the nanoscale [102], challenges persist in the existing experimental setups, mainly arising
from issues related to size, complexity, and cost. Recent advances have introduced novel
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processing techniques [103] and optical components [104] that enhance the sensitivity
and efficiency of detecting a single NV center. Despite these strides, the current
literature highlights the ongoing need for compact solutions that strike a balance
between performance and accessibility.

The need to detect individual NV centers with a compact and portable setup arises
from the increasing demand for practical and cost-effective quantum sensing devices. In
Chapter 3, we investigate the development of a compact confocal setup to detect and
control single NV centers, taking advantage of recent technological advancements to
ensure practicality, cost-effectiveness and seamless integration with other experimental
components. By miniaturizing the traditionally bulky and complex confocal microscope
set-up, we achieve flexibility in conducting experiments across diverse environments
beyond conventional laboratory settings. This portability eliminates the need for
specialized infrastructure, enabling measurements on the go and facilitating rapid data
collection and analysis. Furthermore, the compact microscope increases accessibility,
allowing institutions with limited resources to explore the phenomena and applications
of the NV center.

Beyond magnetometry and sensing, the spin of the NV center can be controlled
for numerous applications. The spin of the NV center can be coupled to adjacent
spins, such as ¥C atoms from the diamond lattice or external spins on the surface,
to transfer polarization to them or utilize them as quantum registers [105, 106]. To
create quantum networks, NV centers can be optically coupled to each other [88]. In
addition, they have been coupled to various quantum and photonic systems, including
superconducting qubits [107] and microcavities [83]. A control pulse sequence can
achieve durable universal quantum gates with excellent fidelity for single-qubit systems
[108]. The scalability of the NV centers is promising, as entanglement between two
NV electron spins has been demonstrated [109], and further enhanced by achieving
high-fidelity gates with the aid of surrounding nuclear spins [110]. Progress continues
towards an integrated system with fault-tolerant multi-qubit gates. However, generating
a large number of individually accessible and coherently coupled NV centers remains
a challenging task. Understanding practical algorithms that can be implemented in a
single NV center or a small network of NV centers is therefore an active area of research.

Remarkably, as diamond-based technology finds increasing applications, the field is
naturally shifting its focus from proof-of-principle experiments to practical engineering
implementations for technological advancement [111]. This evolution is driving two
parallel and complementary avenues of research. The first is hardware-driven, leveraging
advancements in material science to fabricate improved diamond materials with tailored
properties. This includes achieving controlled densities of color centers and enabling
access to individual emitters with high photon extraction efficiencies, which is the focus
of Chapter 3, as well as desirable spectral and coherence properties.

The second avenue is software-driven, centered on designing innovative experimental
protocols for data acquisition and analysis. This approach aims to maximize the speed
and resolution of specific measurements, thereby enhancing the efficacy of quantum
technologies based on NV centers. The field of Quantum Machine Learning (QML)
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naturally fits into this focus. In this context, two distinct strategies have emerged. The
first strategy uses traditional machine learning (ML) to control NV centers, optimizing
measurement processes through advanced data analysis, offering novel computing ap-
proaches that can achieve measurement speeds and / or accuracies approximately 1-2
orders of magnitude higher than traditional statistical methods [59]. For example, in
[112], a ML algorithm processes noisy readouts of single NV centers at room temperature,
requiring only an average of one photon per algorithm step to sense magnetic field
strength with precision comparable to cryogenic experiments [113]. In contrast, the
second strategy takes advantage of the quantum nature of the NV centers to improve ML
tasks. For instance, NV centers have been employed as hardware for training Quantum
Neural Networks (QNNs) to perform tasks such as pattern recognition [114].

1.4 Quantum Machine Learning

NV centers have emerged as particularly promising candidates for quantum sensing
because of their unique quantum properties. Quantum sensing, in general, is a powerful
approach that involves measuring the interaction of a quantum probe - such as an
NV center - with its surrounding environment to estimate a quantity of interest with
exceptional sensitivity and precision [113]. This interaction encodes the parameter of
interest (such as a magnetic field or temperature) into the quantum state of the probe,
enabling measurement techniques that take advantage of the principles of quantum
mechanics.

In the context of quantum sensing, statistical estimation theory becomes essential
[115, 116]. Introduces quantities such as Fisher information, which quantifies how much
information a measurement carries about an unknown parameter, which, in turn, directly
influences the precision of the estimation [117, 118]. Thus, statistical estimation theory
not only offers insight into the achievable precision of sensing tasks but also guides the
design and optimization of quantum sensing protocols.

In this work, we explore advanced techniques for parameter estimation in quantum
sensing, focusing on methods that enhance the precision and adaptability of quantum
measurements. Parameter estimation is essential in quantum sensing applications, as it
allows us to extract meaningful information about unknown quantities from measurement
data with maximum accuracy.

Bayesian estimation is a central strategy in parameter estimation, employing a
probabilistic framework that improves parameter estimates by incorporating prior
knowledge and continuously updating them as new measurement data are acquired
[119, 120]. This method is particularly well-suited to dynamic or uncertain environments,
as its iterative nature allows quantum sensors to adapt swiftly to environmental changes.
By continuously updating estimates, Bayesian methods ensure that quantum sensors
maintain high precision and reliable performance, even under fluctuating conditions. In
the context of photon emission statistics, Section 2.4.7 will benchmark the Bayesian
Parameter Estimation algorithm to assess its effectiveness in sensing time-dependent
magnetic fields using an NV center. We implement Bayesian Parameter Estimation
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and other regression techniques in the detection of time-varying magnetic fields using
NV centers, enabling more precise and efficient extraction of signal parameters in noisy
environments.

Quantum Machine Learning (QML) is another emerging technique for parameter
estimation [57, 121]. Unlike traditional methods, QML algorithms can analyze complex
datasets and identify intricate patterns in quantum measurements, enhancing both
the sensitivity and robustness of quantum sensors. Through the integration of QML,
researchers are developing quantum sensing protocols capable of achieving unprecedented
levels of precision [122], making these methods useful for applications in high-resolution
imaging [103], magnetometry [123], and navigation [124, 125].

In recent years, QML has gained significant traction due to advances in computational
power and data availability, which has proved to be highly effective in tasks such as
pattern recognition or classification problems. QML encompasses two main approaches:
(i) using traditional machine learning to enhance the measurement of a quantum process,
and (ii) leveraging inherently quantum systems to perform machine learning tasks more
efficiently. In this thesis, we specifically use the term QML to refer exclusively to
approach (ii).

In the context of approach (i), traditional machine learning significantly contributes
to the advancement of diamond-based quantum technologies [126]. For example, classifi-
cation algorithms have been employed to rapidly distinguish between a photon emitter
originating from a single NV center and one from an ensemble of NV centers [127].
Furthermore, ML techniques have improved the readout of the spin state of NV centers
[128] and improved optical resolution [103]. Furthermore, machine learning strategies
have been developed to overcome the inherent resolution limits of NV centers [112, 129],
achieving an average one-photon readout from a single NV center at room temperature
with sensitivity comparable to cryogenic conditions.

In this thesis, we focus on the second approach (ii), where quantum resources
are harnessed to enhance machine learning models, as detailed in Chapter 4. The
idea of leveraging quantum systems to improve machine learning algorithms has gained
popularity. Quantum versions of artificial neural networks have been developed [130, 131],
and there are proposals to execute subroutines of classical machine learning algorithms
on quantum computers to achieve speed up [132, 133]. Adiabatic quantum machine
learning is also emerging as a promising approach to specific optimization problems
[134]. Stochastic models such as Bayesian decision theory or hidden Markov models
can be seamlessly translated into the framework of open quantum systems. Despite
increasing interest in this field, a comprehensive theory of quantum machine learning -
exploring how quantum information can fundamentally improve artificial intelligence -
is still in its early stages of development [135, 136].

To identify suitable tasks for QML models, it is crucial to understand their strengths
and weaknesses [137, 138, 139]. A key starting point is studying the expressivity of QML
models, which refers to their ability to approximate continuous functions. Chapter 4
investigates the expressivity of a Quantum Neural Network (QNN) capable of regression
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tasks even with a single qubit. Certain quantum circuit architectures have been shown to
act as universal function approximators [140], capable of approximating any classification
function with precision.

In Chapter 4, we analyze the expressivity of a universal deep quantum network
structured with nested qubit rotations and adjustable data encoding. This ability of
the QNN to approximate continuous functions in regression tasks is quantified using
partial Fourier decomposition of the output, systematically benchmarked through a
teacher-student scheme. The maximal expressivity increases with network depth and
qubit number, but is fundamentally constrained by the data encoding mechanism.
Importantly, we demonstrate that the choice of the measurement scheme significantly
affects the ability of the network to reach this maximal bound. Global-entangling
measurements on the network can saturate the maximal expressivity bound, enhancing its
approximation capabilities compared to local qubit readouts in non-entangling networks.
This enhancement is attributed to a broader set of surviving Fourier harmonics in the
output signal decomposition. We discuss how to implement these QNNs using NV
centers as qubits. While we focus on the theoretical aspects of the QNN, we take into
account the specific characteristics and capabilities of NV centers, including their ability
to perform single-qubit rotations and entangling gates.

12



Chapter 2

Photon Statistics

2.1 Introduction

The nitrogen-vacancy (NV) center in diamond has emerged as a prominent platform in
the field of quantum technologies [73, 141] due to its formidable optical transitions that
enable initialization and spin state discrimination, in addition to exceptional stability,
extended coherence time of up to several milliseconds, even at room temperature,
and effective control with microwave (MW) and optical methods [142, 74]. Its level
structure and coherence time are sensitive to different physical fields, making it a
versatile sensor with nanoscale spatial resolution and high sensitivity. NV centers have
demonstrated great potential in applications of magnetic field [29, 49], temperature
[143], electric field [78], and strain [144] sensing, as well as in nuclear magnetic resonance
[145]. Additionally, they can be used as quantum emitters [146, 147]: when optically
excited,they can absorb a photon and transition to an excited state, and then relax back
to the ground state by the emission of a single photon. Fluorescence properties depend
on the spin state of the NV, allowing a spin-dependent readout [42, 67]. Understanding
spin-dependent photon emission is crucial for characterizing the dynamics of the NV
center and optimizing its performance in quantum information processing, sensing, and
communication tasks [147, 148, 149].

The fluorescence properties of the NV center have been modeled using rate equations
for specific energy levels [74, 42, 150]. This method provides the fluorescence properties
on the basis of the populations of the NV electronic states. Different energy models
and sets of transition rates have been explored for the NV center in various contexts,
including ionization dynamics [39], hyperfine couplings [151, 152], level anticrossing [153]
and optically detected magnetic resonance (ODMR) experiments [74]. However, these
methods typically either rely on a steady-state approximation of the NV dynamics or
simply focus on state populations via rate equations. In either case, these approaches
do not directly allow for a precise characterization of the key experimental quantity,
namely the emitted stream of photons [154, 155].

Given the limitations of current approaches, we use a formalism based on quantum
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jumps [156] to investigate the NV center fluorescence. This technique was previously
used to model the emission of different quantum systems such as single molecules [157],
qubit readout of transient charge states [158], quantum dots [159], electron transport
[160], and NV ionization [161]. As we experimentally demonstrate, the quantum jump
formalism can be adapted to account for the full photon-emission statistics (PES) of the
NV center within a modelization of the seven electronic states involved in the fast intrinsic
dynamics [162]. The PES are defined as the probabilities P(n,t) of having emitted
a certain number n of photons in the interval [0, ], and serve as a phenomenological
framework for establishing the connection between the quantum state of an NV center
and the stream of detected photons. The proposed model fully characterizes the emission
properties of a single NV, providing physical insight into the NV fluorescence, giving
access to different relevant measurable quantities, and allowing the design of efficient
magnetic-field sensing protocols. Alternative approaches that use a numerical stochastic
method using Monte Carlo simulations to depict the evolution of the quantum system
[163, 164] require simulation of the evolution of the system across multiple trajectories,
which for most cases is more computationally demanding, especially for larger systems
or longer integration times.

This chapter is structured as follows. First, we introduce the analytical PES of a two-
level system in Sect. 2.3.1. We then describe the PES for an NV center model in Sect. 2.3.
In Sect. 2.3.1, we discuss the relevant energy levels of the NV center model, followed
by the dynamics solved through a quantum jump formalism in Sect. 2.3.2. Sect. 2.4.1
details the experimental setup for benchmarking and applications. Sect. 2.4.2 explores
how statistical analysis enables optimized state readout, while Sect. 2.4.3 examines
emitter properties via computation of the autocorrelation function from photon statistics.
Additional simulations, such as the saturation curve of the NV center in Sect. 2.4.4, and
sensitivity optimization in continuous wave ODMRs with MW and laser excitation in
Sect. 2.4.5, are also discussed. Imperfect detection is analyzed in Sect. 2.4.6, where we
also introduce new simulation techniques. In Sect. 2.4.7 we investigate the detection of
time-dependent magnetic fields using the PES formalism. Finally, Sect. 2.5 expands
the NV center model to include ionization processes, exploring new implications and
predictions provided by the PES. The chapter concludes with a summary of the main
findings in Sect. 2.6.

2.2 Two level model

A fundamental question we might ask is: which is the probability P,(t) that a two-
level system emits n photons at a given time ¢ when the atom is irradiated by a
monochromatic electromagnetic field? This question is intriguing not only because
it addresses a fundamental aspect of the atom-field interaction, but also because the
distribution P,(t) can be measured through photon detection. The statistical distribution
of emitted photons is determined by the dynamics of the atom and its interaction with
the laser field, and it is influenced by environmental effects.

The treatment of the problem begins with the time-dependent Hamiltonian of a
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Fig. 2.1: The states accessed by a two-level atom when driven by a coherent field. Arrows
labeled € denote induced transitions and those labeled S spontaneous transitions. After
an spontaneous transition we increase the photon emission label n by one.

two-level system driven by a rotating transverse field of constant amplitude

- Q
H= %@ +3 (cos (wpt + ¢)G, + sin (wrt + ¢)dy) , (2.1)

where o, and o, are the Pauli matrices in the space of the excited |a) and ground |b)
states. We have taken h = 1. The energy split between these two levels is wy, {2 is the
Rabi frequency, and wy, is the frequency of the applied driving field and ¢ its phase.

To eliminate the time dependency of H we can move to a co-rotating frame by apply-
ing a rotation transformation about the z-axis by angle wyt . This frame transformation
is achieved using the unitary operator:

U = exp{—iwgt@}. (2.2)

We can relate |¢g) states in the Schrodinger picture with the |¢;) states in the transformed
frame picture as:

[01(8)) = UF(t) |6s(t)) - (2.3)
Using the fact that UIT U, =1, the Schrodinger equation in the rotation frame is

aulor(t)) = 00} |6s()] = Uf[0h [¢s ()] + [0:U]] [@s(t)) =
= [0} H + 0,0]] |¢s(t)) = [—iU[HU; + (0,U)) U] 1) =
= —iH; (1)), (2.4)
where the new Hamiltonian in the transformed frame is given by

Hy =UJHU; +i(0,0])Ur, (2.5)
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and from where we can compute

?62 + §22 (cos(¢)d, + sin(¢)dy) , (2.6)

H =
with A = wy — wy, the detuning between the atom precesion frequency and the frequency
of the applied field. Without loss of generality, we will consider ¢ = 0 in the following

derivations.

At this point, in our closed two-level system, we introduce the decay process from the
|1) state to the |0) state due to spontaneous emission (and no other source of dephasing
or decay). This scenario cannot be accurately described using the Schrodinger equation
for a wave function alone. Instead, we must employ the density matrix ¢ and describe
the evolution of the system using the Liouville equation:

o= —i[H, o + L[d], (2.7)
where L[g] is the Lioville super-operator describing the dissipative evolution

Llol = 2B6406- — B(6-640+ 06-64), (2.8)

where ( is the decay rate and o4 = %(@ + 6,). To solve the previous equation, it is
helpful to write the density matrix components for the two-level system as follows:

1 1 — '
Q:<QO 901>:2(]I+ﬁ-6):2<1 w u+zv>7 (2.9)

010 01 u—1w 14w

where u,v,w € R and (u,v,w) is know as the Bloch vector. From (2.7) we can obtain
the equations for each component,

= Av — [u,
0= —Au— fv+ Qu, (2.10)
w=—Quv —26(1 +w).

These are the usual optical Bloch equations describing the internal motion of the two-
level atom, expressed here in the rotating reference frame where the Bloch vector varies
slowly over time. The master equation, defined in (2.7), provides insight into the time
evolution of the density matrix of the system. However, it does not directly convey
information about the number of photons emitted during this evolution.

Since the system undergoes a discrete number of emissions during its evolution,
the matrix o(t) is generalized to include information about the number of spontaneous
photon emission events that have occurred prior to time ¢ [156]. The starting point for the
derivation of the quantum jump formalism is the definition of a reduced density operator
in the subspace that contains exactly n emitted photons [165]. This generalization allows
us to resolve the full density matrix into individual components p(n,t), representing
a quantum trajectory with n photons being spontaneously emitted during the time
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interval [0, ¢],

0= Zp(n) - (pO(n) %)11((:)>> ) (2.11)

n p1o(n)

Let us consider our two-level atom in the ground state under constant electromagnetic
radiation. The states can be labeled by the probabilities py(n) and p;(n) that the states
are occupied, where n determines the number of photons emitted by the system. A pair
of states connected by an induced transition (driven by €2) have the same n, while the
spontaneous transition (driven by ) causes n to increase by one unit, see Fig. 2.1. For
example, an atom initially at rest in the ground state is promoted from py(0) to p;(0)
by absorption. From there it can return to py(0) by stimulated emission or it can drop
to state po(1) by spontaneous emission; from which it can again absorb a photon and
be promoted to state p;(1), and so on.

The connection with photon emission statistics (PES) is made by observing that for
the atom to arrive in state pg(n) or state pi(n) it must spontaneously emit exactly n
photons, and hence the probability that n photons are emitted is

F = po(n) + p1(n) = Tr{p(n, 1)} (2.12)

To derive the equations of motions for p(n,t) we can decompose (2.7) as
0=~Lo=(Lo+ T)o, (2.13)

in such a way that we have singled out the jump superoperator J = 23 |1)0| associated
to the stochastic radiative spontaneous decay. We can define the equations of motion
for p(n,t)

§n) = Lop(n) + Tp(n — 1), (2.14)

describing each photon emission as increasing the cumulative photon count by one,
p(n —1,t) — p(n,t). This equations couple n and n — 1 terms and therefore are hard
to solve. We can express this equations in component terms as:

Q

po(n) = ’ig(ﬂm(”) = p1o(n)) +2B8p1(n — 1),
() = i (oo () — pro(n)) — 26p(n),

poi(n) = —ilpoi(n) — ig(ﬂl (n) = po(n)) = Bpor(n),
pro(n) = ilpio(n) + ig(m(”) = po(n)) = Bpio(n). (2.15)
Introducing the change of variables

Py = po(n) + p1(n),
= po(n) — p1(n),
Un = po1(n) + p1o(n),
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Vo = —i(por(n) = pro(n)). (2.16)
equation (2.15) takes the form:

Pn = B(Pn—l - Pn) +6(Wn—1 - Wn)a

Un = Avn - BUnu
. (2.17)

Wn - _Qvn - B(Wn—l + Wn) - 5(Pn—1 + Pn)

We allow the index n to range overall integers, with P, = U, =V,, =W, =0 for n < 0.
We can check that 3, P, = 1, and therefore 3, P, = 0. By taking the sum over n in
each equation in (2.17) and defining u =3, U,, v =3, V,, and w = ¥, W,, we arrive
at the Bloch equations (2.10) previously discussed. In view of (2.10), we can interpret
(Up, Vi, W,,) as a partial Bloch vector associated with the pair of states of index n. Let
(ug, vo, wo) be the atomic Bloch vector at ¢ = 0, describing the initial state of the system.
The initial conditions for equation (2.17) are then Py(0) = 1, Up(0) = ug, Vo(0) = vy,
and Wy = wy and P,(0) = U,(0) = V,(0) = W,(0) = 0 for n > 0. Lets define the

generating functions

G(z,t) = i 2" P, (t), I(z,t) = i 2"Up(t),
" " (2.18)
J(z,t) = Z{)Z"Vn(t), K(z,t) = ZOZ”Wn(t),

where we introduce the variable z. The photon number distribution, P,(t) is derived
from the generating function G(z,t) as follows

Py(t) = 1 0"G(z1)

S onl 0 (2.19)

z=0

It will be useful to compute the expectation value and higher-order moments of the
emitted photon number over time. These averages can be obtained by taking derivatives
of G with respect to z and then evaluating them at z = 1. For instance, the expectation
value and second moment of the photon number are expressed as follows

(n) = aGé()z,t) B
<n2>:a§§z’t> . +(n). (2.20)

The equations of motion for G, I, J and K are derived by multiplying each of the
equations (2.17) by 2" and adding to n. After a shift of the summation index in the
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sums containing P, _; and W, _;, we get:

G=78(z-1)(G+K),
I=AJ-pI,
J=—AI—3J+QK,

K=-QJ-B(z+1)(K+GQ).

(2.21)

With the initial conditions G(z,0) = 1, I(z,0) = ug, J(2,0) = vy, K(z,0) = wp.
These steps enable the conversion of a differential equation with an infinite number of
coupled terms into a finite differential equation, but introducing an additional variable
denoted z.

Now let G(z,s), I(2,5), J(z,5), K(z,s) be the Laplace transform of G(2,t), I(z,1),
J(z,t) and K(z,t). Then in the transformed space, remembering that F(t) = sF(s) —
F(0), equations (2.21) take the form:

s+ (1—2)8 0 0 B(1—z) C:? 1
0 s+ 5 —A —A 0 1 | Yo
0 A s+3  -Q il=lel 222
Bz +1) 0 Q  s+p(1+2)) \K wo
which allows to solve for G-
G a(s) + b(s)pz
f(s) = B2 (s + B)z (2.23)
with
a(s) = (s + B8)° — Bwo(s + B)* + (Q2A? + BQup) (s + B) — BA(Qug + Awy),
b(s) = (1 +wo)(s + B)* — Qo (s + B) + QAug + A*(1 + wy), (2.24)
f(s) = (s+B)"+ (Q*+ A% = B%)(s + B)* — B*A%.
Using the expression for (2.23) in the Laplace transform of (2.19), we get
5 B (s + B)"a(s) B (s + B)"Th(s)
P.(s) = + (1 — 6y . 2.25
N (O R A O 229

The problem has been shifted to evaluating the inverse Laplace transform of expression
(2.25). We can deduce that P,(s) has, at most, four isolated singularities at the zeros of
f(s), and therefore, P,(t) is the sum of the residues of P,(s)e® at these singularities.
The zeros of f(s) are:

81:—/8+OC, 82:_6_05)

, , 2.26
s3 = —3 + 17, 54 = —f3 — 17, (2:26)

19



Ivan Panadero Mufioz

where

o= 1\/52 02— A2+ \/(52 — 2 — A2)2 4 432N,
V2 (2.27)

v = \}5\/92 A2 - B2 4 /(82 — Q2 — A2)2 4 AB2A.

Since f(s) =II;(s — s;) appears as powers of n+ 1 and n in the denominators of (2.25),
the singularities of these terms are poles of order n + 1 and n, respectively; and we can
use the derivative formula to evaluate the residues of P,(s)e®. The sum of the residues
is

4 n Jn \n n o
P,(t) zﬁnzﬁ d <(s—sz) (s + B)"a(s)e > .

Z nl ds" F(s)nt
Q2n—2 dn—l (S _ S')n(s +,8)n+1b(8)65t (2.28)
+ ! )
(n—1)dsn1 ( f(s)ntl )SS

By using the Leibniz formula for the derivative of a product we can we can extract
the explicit time dependence of the photon number distribution:

4 n
Pty =>"e"Y Cpt (2.29)
k=0

i=1

where

PO (o)
L I P A O IO

e (oaye s o)
dst 1\ (n— k= DIQ2f(s)"+ ) _ T

(2.30)

In Fig. 2.2 we plot P,(t) for an atom initially in the ground state. We observe
that the probability of emitting no photons Py(t) monotonically decays over time. In
Fig. 2.2a, where the driving is stronger than the dumping, we can observe population
oscillations in the photon emissions. However, when the dumping is higher than the
driving, as in Fig. 2.2b, for n > 0, the probability increases to a maximum and then
vanishes.

Although this analytic method excels in deriving photon emission statistics for
the two-level atoms, its applicability is constrained to small systems and does not
accommodate the introduction of time-dependent controls such as A(t) or Q(¢). To
overcome these limitations, we propose a generalization of this method capable of solving
for the photon emission statistics of any system subjected to arbitrary driving conditions
and transitions of interest. Whereas the method originally targeted resonant transitions,
our extended approach accommodates non-resonant transitions as well. This numerical
formalism involves iterating equations such as (2.17) up to a given cutoff N, ensuring
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Fig. 2.2: Photon emission probabilities for an atom initially in the ground state for
A =0 when, (a) 8 =0.29Q, (b) = Q. When the damping is weaker than the driving,
the emission probabilities clearly reveal the signature of Rabi oscillations—namely, the
coherent population oscillations between the bright and dark states.

that IV substantially exceeds the average number of emitted photons (n). Using this
framework, we aim to explore the optical properties of the NV center.

2.3 NV photon counting statistics

2.3.1 Energy levels

The NV center in diamond consists of a substitutional nitrogen atom adjacent to a
vacant lattice site, as schematically shown in Fig. 2.3a. As we are interested in the
readout of a negatively charged NV center, we consider the fast intrinsic dynamics [162]
responsible for the radiative and non-radiative transitions between the electronic states.
The NV states are distributed in two different spin S = 1 manifolds, the 34, electronic
ground state with the {|0),|1),]|—1)} states used to encode a qubit and the *F excited-
state manifold containing the {|e0),|el),|—el)} states. Non-resonant laser light is
used to couple the ground states to the phononic band of the excited-state manifold.
These vibrational states quickly decay into the corresponding spin-conserving excited
state [42], destroying the optical coherence between the ground-state and excited-state
manifolds. The excited states relax either directly through a spin-conserving transition
that emits red fluorescence at a wavelength of approximately 637 to 800 nm, or through
a non-spin-conserving channel through a metastable spin-singlet state |s) responsible for
initialization and readout of the NV center. The energy levels together with the allowed
transitions between them are depicted in Fig. 2.3b.

Ground state

The coherent dynamics of the electronic ground state under MW resonant control
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and a static magnetic field B, aligned with the NV axis is described by the Hamiltonian
H=DS%—~,B.5. + 208, cos(wt), (2.31)

where we have ignored hyperfine interactions. The NV operators Sx, S’y and S, cor-
respond to spin-1 matrices. The first term is the intrinsic zero-field splitting with
D = (27)2.87 GHz. The second term is the Zeeman splitting of the |m,) = |£1) states
due to the static magnetic field B., proportional to the electron gyromagnetic ratio
Ye = (27)28.024 MHZ The last term represents the MW control with a Rabi frequency

mT
Q) proportional to the square root of the microwave power €2 o< v/ Py .

Expanding now the cosine into exponential terms and decomposing the spin operators
S; and S, into the spin basis we can write:

A

H = wy [INL] +w [=1)=1] + Q[[1)}0] + [0)1] + [=1)XO0[ + [0)X—1[] cos(wt)  (2.32)
where wy = D + || B..

We can set the applied frequency in terms of a detuning with one of the transitions

w = wy + A. The Hamiltonian in the interaction picture is obtained through the
transformation

U(t) = exp{—i(Ho + AS.)t}, (2.33)

with Hy = DS’? —’yeBzS'Z. Then, following (2.5), the new Hamiltonian in the transformed
frame is given by

A] = A;ﬁ A[ + i(atUIT)[A][ =
= Ul(Hy + V(1)) U; — AS, — Hy = UV ()U; + AS. (2.34)

As Hy + Aﬁz is diagonal in the spin basis with eigenvalues A = {w,0, —w + 2D}, we ca
calculate Ur as: A . '
Ur = e [1)(1] + [0)0] 4 e 22 | —1)(—1] (2.35)

Evaluating (2.34), the Hamiltonian in the interaction picture is then given by

H; = AS, + —— cos(wt) (em 10| + @22t | _1)(0| + h.c.) =

\@%\@

AS, + (I1)O] + [1)0] €2 + P! |=1)0] + €2~ |—1)0] + h.c.) (2.36)

2

{

Hence, over any appreciable evolution time, the fast oscillations exp{2iwt}, exp{2:Dt}
and exp{2i(w — D)t} will quickly average to zero. The rotating wave approximation
is thus the claim that these terms may be neglected, so that the Hamiltonian can be
written in the interaction picture, using S, = [1)(1] — |-1X—1|, simply as

Hy =~ A(JLY1] = [=1)(=1]) + 2(\1><0| +|0)11) (2.37)
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Fig. 2.3: (a) Diagram illustrating the nitrogen-vacancy center within the diamond
lattice, showcasing the vacant position (transparent red), the substitutional nitrogen
atom (green), and the adjacent carbon atoms surrounding the vacancy (black). (b)
Representation of the levels of an NV center showing the system dynamics. The electronic
ground states |0) and |1) encode the qubit and are coupled with a MW field of Rabi
frequency 2 and detuning A. Laser light excites the states |0) and |1) with equal rate
I'p to the excited states |e0) and |el). The excited states decay to the ground state
with rate 'y emitting a photon. The state |el) also decays to the singlet state |s) with
rate I'y; > I'po. The state |s) can decay to either ground state |0) or ground state |1)
with rates I'yg and I'yq, respectively.

Since the driving does not produce transitions to the |—1) state of the NV center, we
completely ignore this state of the Hamiltonian from now on and introduce the operators
G = [1X0] + |0X1], 6, = [1X1] — |0X0| and I = |1)1| + |0)0]. The resulting Hamiltonian
is

Q A Q

N A ~
H~ZG,+0)+ 26, ~ 26, + 26 2.
1225 (0 + 1) + 500 = 0. + S 00, (2.38)

where we have discarded the term %A]AI because it corresponds to an energy shift that
can be ignored in the dynamics.

Non-unitary dynamics

On the other hand, the nonunitary dynamics of the system, described by the density
matrix o(t), follows the Lindblad master equation:

0= —i[Hr, 0] + Lo = Lo, (2.39)

were H; is the Hamiltonian of the whole system. Only the states [0) and [1) evolve
coherently under H;; all remaining levels are governed by incoherent jumps described
by L[o], with

A oA 1. . s
Lo =3 Tw(Ared] — S{A}Ax o}). (240)
k
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where 4, is a jump operator that accounts for the dissipative part of the dynamics with
rate Iy [151]. This Lindbland equation accounts for the interaction of the system with
an external bath that causes decoherence and where the NV center excitations (e.g.,
photons) can be emitted.

Using this master equation, one can go beyond a basic-rate-equation model and
comprehensively consider the impact of transverse fields and coherent spin-polarization
exchange. Laser light excites the electronic ground states to the excited states with rate
Iee =gt = I'Z¢' = I'p through a spin-conserving transition, where their associated jump
operators Ay, are of the form |e0) (0], |e1) (1] and |—el) (—1|, respectively. The excitation
rate I'p is modeled assuming a linear dependency on the laser power P, I'p = ¢ Py,
[74]. The parameter ¢ ~ 0.1 MHz/uW, is estimated for our current setup by fitting
the PES model to the experimental data through the saturation curve; see Sect. 2.4.4.
Electronic excited states can spontaneously decay with rates ['Y) = T'}, = T}, =Ty to
the ground states.

The operators Ay, not only represent incoherent jumps between different states but
can also account for other nonunitary processes such as those producing longitudinal and
transverse relaxation of the ground state, with rates v; = 1/T3 and v = 1/T,. Without
external excitation, the populations of the ground states |0) and |4+1) are assumed to
decay toward equal populations at rate v; through the operators fLr =Stand A_ = 3§~
with rate I'y = /2 = 1/2T;. The transverse relaxation enters via a jump operator
flz = gz, whose associated rate is given by I', = v, = 1/T5.

Optical readout is possible because the |el) and |—el) states can also decay to the
metastable singlet state |s) with rates I'}; = I'* ,; = I's; much faster than the decay from
the |e0) to the metastable state I'S; = I'f. Thus, the |0) state is brighter than the |£1)
states when excited with the green source, as more population relaxes back to the ground
state through radiative transitions in that case. Furthermore, optical polarization occurs
because the state |s) decays with different rates ' = I'yy and '} = T';! = T'y; to the
ground states |0) and |£1). Typical values of the decay rates are I'g o~ 63 MHz, I'fy >~ 12
MHz, I'¢; >~ 80 MHz, I's; ~ 2.4 MHz and I'yy ~ 3.3 MHz [151]. Similar values can be
found in [74, 42, 39, 166].

2.3.2 Quantum jumps

In this section, we use the quantum jump formalism to compute the PES of the NV
center [167]. The master equation, as defined in Eq. (2.39), offers insight into the time
evolution of the density matrix. However, it does not directly yield information regarding
the number of emitted photons during this evolution. As we previously did for the two
level atom in Sec.2.2, we can decompose Eq. (2.39) as

0="Lo=(Lo+ T)o, (2.41)

in such a way that we have singled out the jump superoperator J associated with the
stochastic radiative spontaneous decays from the excited states {|e0) ,|el),|—el)} into
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the ground states {|0),|1),|—1)} with rate I'y. Explicitly,

To=Ty X (iNeiloleiil - & {lei¥il  o}). (2.42)

1€{0,1,—1}
On the other hand, £y governs the nonradiative dynamics of the NV center.

Since the NV center undergoes a discrete number of emissions during its evolution,
the matrix o(t) is generalized to include information about the number of spontaneous
photon emission events (or jumps) that have occurred before time ¢ [156]. This general-
ization allows us to resolve the full density matrix into individual components p(n,t),
representing an event with n photons being spontaneously emitted during the time
interval [0, ¢],

olt) = 3 pln. ). (2.4
Here p(n,t) are not density matrices. We can define the equations of motion for p(n,t)
p(n,t) = Lop(n,t) + Tp(n —1,t), (2.44)

describing each photon emission as increasing the cumulative photon count by 1, p(n —
1,t) — p(n,t). These equations couple n and n — 1 terms and therefore are hard to
solve.

The Lindblad equation (2.44) can be explicitly expanded into the projectors p;;(n,t) =
pij, leading to a set of generalized Bloch equations. Defining the populations pii(n,t) =
pr, these equations read

T 'Q n n ’yl 7 n ’)/1 7 n n T — 7
oo = —i5(Por — pio) — 5 (P — A1) — (P — 1) — Ty + Toply '+ Taopy,

2 2 2

-n Q n 7 71 () 7 n n— T
P = 25(901 — pio) + 3(00 = p0) = Tppi + Toper ' + Tapy,
-n P)/l n n n n— T
p_l — E(po — p—l) - FPpl + Fop_ell + FSlps?

-n 71,02 : n Q0 n

o= — (L + 2 4 Tp —iA)ply +i— (o — pb),

2 2

2
-n a! 2 . n Q n n
P10 = _(5 + b} +T'p +iA)pfy — Z§<P1 —P5);
Peo = L'ppy — Topey — Troplos
per = Lppt —Topgy — Triplh,s

Pl =Tppty —Topte —Tr1pt e,
Py =Trply +Trip” o + Troply — (Tso + Tar) - (2.45)

From the first three equations, note that the emission of n photons is affected by the
(n — 1)-photon process, where the state decays from the electronic *E manifold to the
corresponding electronic ground state 3A,.

We numerically solve the set of coupled differential equations (2.45) that dictate the
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Fig. 2.4: (a) Emission probability of different numbers of photons n as a function of
time for excitation of the NV center initially in a thermal state with a laser source of
I'p =10 MHZ. (b) After 700 ns of laser irradiation, we plot the probability distributions
of measuring n photons for the initial state |0) in red [Py(n)] and [1) in blue [P;(n)]. The
error € = (€y + €1)/2 is represented by the area of the overlap between both functions.
We plot in green the log-likelihood ratio A given by Eq. (2.57), which can be understood
as the value of how confidently we can assign a photon number n to each state.

dynamics described by Eq. (2.44) under time-dependent laser intensity, MW power, and
detuning by iteration up to a specific cutoff of emitted photons. Recall that for smaller
and simpler systems, the problem can be solved analytically by introducing generating
functions [156, 157, 158, 159]: this is no longer the case for general time-dependent laser
and/or MW controls.

The PES of the system are obtained by tracing the atomic states p(n,t) [159]:

P(n,t) = Tr{p(n,t)}. (2.46)

This formalism captures the probability distributions of an NV center regardless of
its initial configuration, going beyond the steady-state configuration. The probabilities
P(n,t) are represented in Fig. 2.4a as a function of time for different values of n and in
Fig. 2.4b as a function of n at a fixed time for two different initializations of the NV
center. From these distributions we compute the expectation value of the number of
emitted photons as a function of time, as well as higher moments of the distribution,

(n™(t)) = >_ P(n,t)n™, (2.47)

and also derive the counts per second, i.e. the photon intensity (), that the NV center
emits through the time derivative of the average number of photons,

(I(t)) = (n(1)) - (2.48)
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Using these tools, we perform numerical simulations to compute the PES and
use them to analyze different physical scenarios of interest in the following sections.
Overall, the model provides a comprehensive framework for understanding the photon
emission dynamics of NV centers and can be used to make predictions under a range of
experimental conditions.

2.3.3 Arrival time

The function P(n,t), evaluated at a specific time ¢, represents the probability of detecting
exactly n photons within the time interval [0,¢]. By analyzing the time evolution
of P(n,t), we can extract insights into the probability distribution that governs the
detection time of the n-th photon. To facilitate this analysis, we introduce the probability
densities w(n,t) [168], which are defined as follows:

w(n, t)dt = probability that the n-th photon is detected in [¢, ¢ + d¢]. (2.49)

This probability density reflects the likelihood of detecting n — 1 photons within the
interval [0, ¢] and then observing one additional photon within [t,¢ + dt]. Given that
only one photon or none can be detected within an infinitesimal time interval, we derive
the following relations:

P(0,t) = —w(1,1),
P(n,t) = w(n,t) —w(n — 1,t), (2.50)

and we can solve for w(n,t) as:

n—1

win,t) = — 3 P(k.t) (2.51)

k=0

From (2.49), we derive the following interpretation:
¢
/ w(n, 7)dT = probability that the n-th photon is detected in [0, ¢]. (2.52)
0

and from (2.51) we find the following:

Az“meTzl—ng%i)=§§P%J) (2.53)

This expresses that the probability of detecting the n-th photon in [0, ] is equal to the
probability of detecting n or more photons in [0, ¢].

In this context, an interesting quantity will appear to be the average elapsed time
before the n-th photon is detected. We define the waiting time as

Q:Ammmw& (2.54)
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Fig. 2.5: For an NV center initialized in the |1) excited state with a rate I'p = 2.5
MHz: (a) probability densities w(n,t), (b) waiting times T, for the emitted photons,
where the first photon is emitted on average at T} = 500 ns.

and again with equation (2.51) we can express directly in terms of P(n,t)

T, = nf /Oo P(k, t)dt, (2.55)
k=00
and -
AT? = /Oo(t — T w(n,t)dt = =Y /Oo(t — T,)2P(k, t)dt. (2.56)
0 =0 /0

In Fig. 2.5a, we depict the waiting time distribution for an NV center, providing a
valuable insight into the behavior of this quantum system. The average emission times
are depicted Fig. 2.5b, for the first photon is estimated at 77 = 500 ns.

Studying the photon waiting time distribution can further enhance our knowledge
of their behavior as photon emitters and help optimize their applications in quantum
technologies. The photon waiting time distribution refers to the statistical distribution
of time intervals between consecutive photon emissions from a quantum system [168]. It
provides valuable information about the temporal characteristics of the photon emission
process [169, 170]. Understanding this distribution is crucial for designing efficient
quantum communication and sensing systems.

Understanding the waiting time sets the stage for a deeper exploration of the Purcell
effect in NV centers [171], a phenomenon that has garnered considerable attention in the
field of quantum optics. By manipulating the local density of optical states - by coupling
them to optical resonators such as Fabry—Pérot microcavities, photonic crystal cavities,
or plasmonic nanostructures - the Purcell effect offers a potential avenue to enhance
the emission rates of NV centers, opening up exciting possibilities for applications in
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quantum information processing, quantum information, and quantum sensing [90, 172].

2.4 Applications

2.4.1 Experimental methods

The experimental measurements to validate the model presented in Sect. 2.3 were
performed on an NV center of a diamond layer grown by chemical vapor deposition on
a high pressure, high temperature substrate. Optical characterization of the NV centers
was performed with a custom confocal microscope with continuous-wave excitation
ODMR experiments. The confocal setup used to interrogate single NV centers is similar
to the one used in the work reported in [72]. For NV optical excitation, we use a diode
laser with a wavelength of 515 nm. NV center fluorescence was collected with an oil
objective x100 with a numerical aperture of 1.4. The emitted photons were detected
by a single-photon avalanche diode (SPAD) and counted with a FAST ComTec MCS8
multiple event time digitizer. The QUDI software suite [173] was used to control the
experiments and collect data. The static magnetic field was generated with a permanent
magnet. The microwave source used for the ODMR experiments was a TTi TGR600
signal generator with a Mini-Circuits ZHL-16W-43-S+ amplifier. Tektronix AWG7122C
arbitrary-waveform generator was used to create the pulses for the Rabi experiment.
Both MW signals were delivered to the sample through a cable antenna. All experiments
were performed with the same selected NV center, except for the Rabi oscillations,
where we used another NV center from another diamond implanted with *N with an
implantation energy of 20 — 30-keV.

2.4.2 State readout

NV center-based sensing applications rely on standard control sequences that involve spin
initialization, manipulation, and readout. The effectiveness of the spin-readout process is
crucial to the overall performance of the sensor, which can be evaluated within the PES
model [174]. PES provides a useful framework for proposing new measurement strategies,
increasing sensitivity based on Bayesian estimation [175], performing efficient single
shot readout measurements [176], or speeding them up through a real-time adaptive
decision rule [161], which can substantially decrease the average measurement time
without significantly affecting readout fidelity. In the context of NV centers, a readout
process usually consists of discriminating between the |0) and |1) states of the NV
center that encode the qubit. These states can be distinguished through the number
of emitted photons that have different statistical properties depending on the internal
levels involved in the transition [67, 177].

The single repetition error rate € is a commonly used merit figure for readout
performance in a single repetition [174], defined as the average probability in a binary
assignment of the incorrect state to the observed outcome. For an ideal measurement,
with € = 0, the distributions associated with each state do not overlap [113], so we can
discriminate between the |0) and |1) states in a single readout. However, a readout is
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subject to uncertainties in discrimination, leading to non-ideal measurements and overlap
between the probability distributions Fy(n,t) and Pj(n,t) that hinder the {|0),|1)}
state discrimination, see Fig. 2.4b. The assignment rule that minimizes € is obtained by
one calculating the log-likelihood ratio

Po(’fl, t)
Pl(n, t) '

A(n,t) =In (2.57)
When A(n,t) is larger (smaller) than 0, the state |1) (]0)) is assigned; see Fig. 2.4b.
The logarithmic likelihood ratio can be interpreted as the level of confidence of the
observer in the state assignment given the number of photons collected n. The average
single-repetition error rate is given by € = %(eo + €1), where

Eg(t> = Z Po(n,t), El(t) = Z P1(7’L,t), (258)

n<nc n>ne

are the error rates conditioned on preparation of |0) and |1) with n. defined such as
A(ne, t) = 0. The error rates € and €; are represented by color bars in Fig. 2.4b.

Although a single readout cannot determine with certainty whether the NV center
is in the |0) state or the |1) state due to measurement uncertainty, repeated readouts
‘average out’ the noise, mitigating readout errors. Performing N repetitions of the readout
process provides a set of photon count outcomes D = {nj,ng,..ny}. All outcomes
are independently sampled from the same distribution, so the joint distribution of the
readout outcomes conditioned on the intial state a = 0/1 is

pa(D) = kl:[ Pa(ny,) (2.59)

The cumulative log-likelihood ratio for the entire string of outcomes D is thus:

Iy = In ifgg; - ; M) (2.60)

As before, the eigenvalue a = 0 (a = 1) is assigned when Iy > 0 (Iy < 0). Equation
(2.60) shows that in the general case, each outcome must be weighed by A(ny) in
order to perform optimal assignment. Therefore, discarding information contained in
each repetition is necessarily suboptimal. The average cumulative error rate is now
eny = (e + ek)/2, where

el = po(ly < 0) ey = pi(ly > 0) (2.61)

are the cumulative error rates conditioned on preparation of a = 0 and a = 1, respectively.
The cumulative log-likelihood ratio [ is the sum of the independent and identically
distributed variables A(ny). According to the central-limit theorem, the distributions
po(ln) and py(Ix) asymptotically converge to Gaussian distributions. Thus, one might
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hope to evaluate the cumulative error rates in equation (2.61) using the cumulative
distribution function of a Gaussian distribution. As was first noted by Cramer, however,
this approach produces wildly inaccurate results [178]. Indeed, according to the Berry-
Esseen theorem [179, 180], the cumulative distribution function of py(ly) and pi(Iy)
converge only polynomially to a Gaussian as N increases. Meanwhile, the error rates
eQ and e}, decrease exponentially with N. Therefore, the relative accuracy in €%, and
el explodes as N — oo and the central-limit theorem fails. This problem is solved
with the theory of large deviations. Because the noise is sampled independently in each
repetition, the cumulative error rate ey is expected to decrease exponentially as N

increase:
Iney(t) - —C(t)N as N — oc. (2.62)

for some constant C'. The constant C'is the Chernoff information, which is an appropriate
figure of merit for repetitive qubit readout[174]
C(t) = — min In[>_ Py(n,t)*Pi(n,t)" . (2.63)

0<s<1

The Chernoff information [181] is a symmetric distance measure between the distributions
Py(n,t) and Pi(n,t) that can be interpreted as a rate of information gain per repetition.
Like the single-repetition readout error rate e, the Chernoff information depends only on
the statistics of readout outcomes in a single-repetition. Unlike €, however, it depends on
the relative value of Py(n) and P;(n). Consequently, the Chernoff information encodes
information contained in the level of confidence A(n) in each readout outcome. As a
result, readout outcome distributions Py(n,t) and P;(n,t) with the same single repetition
error rates € do not necessarily have the same Chernoff information.

The calculated Chernoff information is a useful tool for analyzing the statistical
properties of the fluorescence. It can be used to estimate the minimum number of
photons that need to be measured to discriminate between two different quantum states
of a light source with a certain level of confidence [174, 182], thereby providing the
sensitivity limits of a quantum system. Thus, the Chernoff information provides useful
insight into the optimal experimental parameters for maximizing state discrimination.

In Fig. 2.6a, the Chernoff information is plotted for different laser intensities as
a function of time, for a constant laser irradiation. For a specific laser intensity, the
Fig. 2.6a shows a maximum, indicating the optimal duration of the laser pulse for
reading out the ground state of the NV center. In Fig. 2.6b, the maximum value of the
peak and the time t,,,, at which it occurs are plotted for different values of I'p. As
the laser intensity is increased, the peak becomes higher and occurs faster, resulting in
better and faster state discrimination. However, it also increases the background noise
introduced in the measurement. This is discussed in Sec.2.4.4. Both the Chernoff peak
and t,,,, saturate for high laser intensities, meaning that increasing the laser power
beyond this point will not result in better measurement outcomes.

To illustrate the relevance of the Chernoff information, we used the PES to simulate
the readout of Rabi oscillations. A MW pulse takes the NV to a superposition state,
which after a readout laser pulse emits fluorescence with a P(n,t) distribution for a given
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Fig. 2.6: (a) Calculated Chernoff information for different laser powers as a function of
time. The red circle and the black square correspond to the pulse power and the length
at which we simulate two different Rabi oscillations in Fig. 2.7b. (b) Maximum value
achieved by the Chernoff information maxz{C(t)}, and the time at which this value is
achieved t,,.,, as a function of the laser intensity. This allows to investigate how fast
and well we are able to discriminate the NV center state and the required power. The
maximum value and time saturate as the power increases.

irradiation time ¢. A photon measurement n can be simulated by sampling a point from
this distribution. Thus, N measurements consist of sampling a set of readouts outcomes
{n1,n2,...,ny}. On the one hand, as the number of repetitions increases [see the symbols
in Fig. 2.7a the distribution of the sampled photons converges to the average of the
distributions (dashed red line), since the error of repeated measurements averages out the
uncertainties. On the other hand, the working conditions for a larger Chernoff parameter
(see Fig. 2.6a favor the discrimination of the |0) and |1) states, increasing the amplitude
of the Rabi oscillations; see Fig. 2.7b. The increased amplitude of the Rabi oscillations
resulting from larger Chernoff value leads to improved discrimination of the state of
the NV center, higher readout fidelity, and ultimately, better experimental outcomes.
As seen, the photon statistic model allows us to predict and improve measurement
sequences by optimizing relevant experimental parameters.

2.4.3 Autocorrelation measurements

Temporal photon correlations and the photon statistics carry information on the dynamics
of the radiating NV center. Autocorrelation measurements are a valuable technique for
studying the temporal dynamics of fluorescence signals and the statistical behavior of
photons in a light source [183, 184]. By measuring the correlation between the intensity
of the signal at different delay times, one can extract information about the decay rates
of the states of an NV center [185], categorize an emitter as a single-photon source [186],
investigate NV centers embedded in different physical structures [72, 187, 188, 189,
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Fig. 2.7: (a) Measured Rabi oscillations for initialization and readout pulses of 2 us
and a MW field with 2 = 2.70 MHz, A =0 MHz and I'p = 20 MHz. The dashed line
represents the mean photon number (n) computed by Eq. (2.47) from the theoretical
P(n,t), symbols correspond to sampling N photon counts, while the black-solid line is
the measured Rabi oscillations using the procedure and setup described in Sec. 2.4.1.
(b) Simulated Rabi oscillations for different Chernoff informations with Q2 = A = 10
MHz and readout excitation rate I'p = 12.5 MHz for two different time pulses. In red
t = 300 ns corresponding to the Chernoff maximum C = 4 - 1073 and in black ¢t = 2
ps for €' =1-1073. We plot the normalized counts deduced from the same emission
probability P(n,t) considering N = 3000 measurements (points) and its average (lines).

and characterize the interactions with other quantum systems [146, 190, 191, 192]. The
second-order temporal coherence g (7) measures the photon autocorrelation, which, in
terms of the intensity I(t), reads

(IOt +7))

(I(t)>2 (2.64)

g?(r) =

Alternatively, it can also be computed with the use of the delay function D (t)
describing the distribution of delay times before the next emission occurs. This function
is calculated from the survival probability P(0,t) as [193]

Dy (t) = —P(0,t). (2.65)

The conditional probability of an NV center emitting any photon between time 7 and
time 7 + dr, after having emitted a photon at time 75 = 0, is D(7)d7. The photon
emitted at time 7 can be the first to be emitted after that at time 75 = 0 or the next
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Fig. 2.8: Measured auto-correlation functions (black solid line) and the photon statistics
model predictions (red dashed line) according to Eq. (2.67) for different excitation rates:
(a) I'p = 5 MHz, (b) I'p = 15 MHz and (c¢) I'p = 20 MHz

after any other time 7/ (0 < 7/ < 7), so
D(r) = Dy (1) + / dr'D(7')Dy (T — 7). (2.66)
0

This is a functional integral equation which can be solved numerically. The function
g®(7) is the normalized correlation function for a photon detection at 75 = 0 followed
by the detection of any photon (not necessarily the next) at time 7. It follows that

oy PO
g\(r) = fim, . D(r) (2.67)
In Fig. 2.8 we plot the background noise-corrected ¢g2(7) [194] from a single NV center
in a Hanbury Brown-Twiss (HBT) correlation experiment [192]. As the pumping rate
increases (left to right), a higher ¢ (7) > 1 region is observed. More photons are
emitted at a fixed 7, leading to their larger bunching. The results predicted from the
photon statistics model Eq.(2.67) perfectly fit the experimental data.

To perform the HBT correlation experiment the initial stream of emitted photons
is directed towards a beam splitter, which is a partially reflecting mirror. The beam
splitter divides the incoming light into two separate paths. Each of the two resulting
beams is directed towards a separate SPAD detectors. The output signals from the
detectors are then sent to correlation electronics. These electronics measure the time
intervals between the detection events from photons at each detector. By definition

(51(1)Sa(t + 7))
(S1(8)) (Sa(t + 7))

here S;(t) is the signal intensity at the i-th detector. In the presence of noise N;(t),
the total signal at the detector would be I;(t) = S;(t) + N;(t). The measured §*(7),

g () = (2.68)
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assuming that the noise is statistically independent of the signal, is

49 (r) = (I (t)Io(t + 7)) _ ((S1(t) + N1(t))(Sa(t +7) + No(t + 7)) (2.69)
(L) (L(t+7))  (S1(t) + Niy(7)) (Sot +7) + No(t + 7)) '

Thus, the theoretical g (7) can be connected to the measured noisy §®(7) by simulta-
neously recording the average values (I;(7)), (N;(7)) during the correlation measurement
process:

(S1) (S2) + (N1) {S1)
(51

9(2)(7_) _ A(2)(7_> + <N2> <SQ> + <N1> <N2>_
)
)

(52)

Sy
(N1) (Na) + (N1) (S1) + (Na) (S2)
- (52152 ’ 210

The Mandel @) parameter [157],

Q) = —1, (2.71)

is another measurement for the correlation of emitted photons that relies on the variance
of the photon number in the detected fluorescence. When () = 0, the counting statistics
P(n,t) follow Poisson distributions with no correlation between the emitted photons.
On the other hand, when ) > 0, the statistics are super-Poissonian, indicating photon
bunching, where photons tend to be emitted together. Conversely, sub-Poissonian
statistics (@ < 0) indicate photon antibunching, where photons tend to be emitted at
well-separated times.

Using PES, we calculate Q(t) at different power excitations, observing different
bunching behaviors as a function of time for a thermal initialization of the NV center;
see Fig. 2.9a. The photon emission begins with some degree of antibunching because
the excited states are not yet populated. At time ¢,,;,, such that Q(t,.in) = min{Q(¢)},
the emitted photons are maximally anticorrelated, showing a nonclassical antibunched
character. Then, the statistics starts to bunch at time ¢y, until it saturates at long times
and the emitted distribution of photons becomes thermal. As presented in Fig. 2.9b
and Fig. 2.9c, the model predicts a higher degree of antibunching for increasing power,
albeit the time interval during which antibunching occurs is reduced.

The autocorrelation function and the Mandel parameter allow us to investigate
the capabilities of NV centers as photon emitters since it has been found that NV
centers exhibit both bunching and antibunching behavior depending for the specific
excitation conditions [42, 195]. Bunching and antibunching phenomena have important
consequences on the performance of devices that use quantum systems as a source of
photons, such as those used in quantum communication. For example, bunching can
lead to increased noise in the emitted light [196, 197], while antibunching can improve
the use of NV centers for single photon generation [198, 199, 200].
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Fig. 2.9: (a) Mandel @) parameter (2.71) as a function of time for a thermal initialization
of the NV center. The characteristic times t,,,;,, and ¢ correspond to a Mandel paramater
value Q(tmin) = min{Q(t)} and Q(ty) = 0 of the photon emission, respectively. (b) ¢,
and to and (¢) Q(tmn) as a function of the laser power.

2.4.4 Fluorescence saturation

As the laser power is increased, the NV center absorbs more photons and becomes
excited more frequently. As the laser power continues to increase, the populations of the
excited state and the ground state eventually become approximately equal, resulting
in a saturation of the emission rate of the NV center. Using PES to compute the
saturation curve for an NV center allows to optimize and compare the performance of an
NV-based sensor [201, 202], and study its quantum efficiency [203] and its signal-to-noise
ratio [204].

In Fig. 2.10 we plot the experimental saturation curve of the selected NV center
(black dots) on top of the theoretical curve obtained using the PES model (dashed red
line). Note that the PES model matches the NV counts computed by subtraction of the
background counts from the total measured counts. We have also taken into account
that not all the emitted photons are collected due to the geometry of the experiment
and the efficiency of the detector by multiplying the saturation curve by a scaling
factor cg. This scaling factor provides insight into the collection efficiency of the setup
and indicates improvement potential. It relates the measured NV center intensity I,
with the predicted by the PES by Iy = cg (). This factor effectively represents the
overall collection efficiency of the setup. Is treated as a fitting parameter that scales the
theoretical fluorescence predicted by the PES model to match the measured counts. This
approach allows us to extract an effective collection efficiency from the experimental
data, which also provides a way to benchmark and potentially improve the optical setup.
Modeling of such saturation curves may be useful in scenarios where subtraction of the
background counts from the total counts can be harder, for instance in experiments
with NV ensembles.
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Fig. 2.10: Benchmark of the predicted saturation curve for an NV center as a function of
the laser power computed by the photon statistic model (red line) against the detector
photon counts (black points). The NV counts were computed by subtraction of the
background counts (green triangles) from the total measured counts (blue crosses).

2.4.5 Continuous-wave optically detected magnetic resonance

Diamond NV centers have shown remarkable potential as a tool for detecting magnetic
fields. This ability is based on the electronic spin level structure of the NV center and
the Zeeman effect, which results in a lifting of the degeneracy between the states |£1)
and when a magnetic field is applied, as discussed in Sect. 2.3. The energy splitting
between these states is proportional to the applied magnetic field and can be measured
via ODMR experiments.

In an ODMR experiment, a MW field is applied to the NV center, while a green
laser initializes the NV center to the |0) state. When the MW field is resonant with the
transition between the |0) state and one of the |£1) states, the fluorescence from the
NV center drops, as some of the population is transferred from the bright state |0) to
the darker states |£1) [74, 185]. This phenomenon enables the detection of magnetic
fields by measuring the resonant transition frequency between the |0) and |+1) states.

The contrast ¢ of cwODMR can be estimated from the PES, neglecting other external
factors, by considering the average intensity (/(t)) in the steady state of the system,
t — 0o, when the NV center is driven by resonance A = 0, or off-resonance, A — oo:

(I(t — 00, A = 0))

=t S 00,8 5 o))

(2.72)

We perform cwODMR experiments to benchmark the PES model. These experiments
involve the continuous application of both the laser and the MW fields to the NV
center. Although pulsed-ODMR experiments provide greater sensitivity, they require the
generation and synchronization of fast MW and laser pulses, which can be demanding
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Fig. 2.11: (a) The black points correspond to an ODMR experiment with a MW power
of Q = 8 MHz and an excitation rate of I'p = 20 MHz. We obtained a contrast ¢ = 15%.
The red line is the result from the photon statistics simulation. (b) Contrast as a
function of the laser power at a fixed MW power of {2 = 8 MHz. The black points
correspond to the values from Lorentzian fits to the experimental data and the red line
the photon statistics model.

in terms of experimental setup. The advantages of cwODMR experiments include their
simplicity, the ability to measure a wide range of magnetic fields, and the capability to
detect weak magnetic fields. As a result, the cwODMR method is a valuable technique
for a wide range of applications, such as sensing magnetic fields from biological systems
[73], imaging magnetic materials [205], and detecting single-spin dynamics [206].

The accurate estimation of the cwODMR center resonance frequency and precise
computation of the corresponding magnetic field require a high contrast ¢ [74], a quantity
that depends on the MW and laser powers, as well as other physical parameters. The
photon statistics model predicts the behavior of ¢, allowing the optimization of MW
and laser powers, which leads to the maximal sensitivity of the NV center. Note that
the model was used successfully to simulate cwODMR, as demonstrated in Fig. 2.11a.
In Fig. 2.11b, the contrast is plotted for different laser powers, with a fixed MW power
of 8 MHz. The contrast increases at lower powers and reaches a maximum around 200
uW before decreasing. This maximum depends on the applied MW field and occurs
because the NV center is optically excited at a faster rate than the spin transitions.

2.4.6 Imperfect detection

When conducting experimental investigations of the PES; it is crucial to consider that
the detection process is not ideal. The PES takes into account the photons emitted by
the NV center, but it is important to note that not all of them will reach the detector
because of factors like optical losses or collection geometry, which results in limited
collection efficiency. We can model this efficiency by assigning a probability to each
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Fig. 2.12: Detection probabilities P;(n) for the ground state |0) as a function of the
number of detected photons n for diferent detection rates r after 500 ns of excitation
with I'p = 20 MHz.

emitted photon to reach the detector. The PES enables us to examine this efficiency by
comparing the number of detection events with the expected emission, aiding in the
enhancement and optimization of experimental setups.

Here we will explore the impact of non-ideal detection on the reading process.
It is widely acknowledged that detection efficiency, which encompasses factors like
detector quantum efficiency and fluorescence collection efficiency, plays a crucial role in
determining how accurately photodetection statistics represent PES. Although other
factors like afterpulsing and detector deadtime contribute to non-ideal detection, first
we will concentrate solely on modeling detection efficiency as it is the most pertinent
aspect.

We begin by considering that our optical system detects a fraction r of all emitted
photons. To establish a connection between the probability of emitting n photons,
denoted P.(n), and the probability of detecting them, denoted as P;(n), we must
account for various scenarios. Detecting n photons could involve emitted exactly n
photons and none being rejected, or more than n photons being emitted, say a number
m, with n of them detected while the remaining (m — n) are rejected. By accounting
for all possible combinations in which m photons can be either rejected or detected, we
can express the relationship between P.(n) and P;(n) as

o0

Py(n) = Z P.(m)Pg(n;m,r), (2.73)
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with Pg(n;m,p) the binomial probability

m

Pa(nym,r) = ( >7‘”(1 — )y, (2.74)

n

In Fig. 2.12 we see how lower detection rates r push the detection distribution towards
smaller photon numbers.

Thus, we have that the moments of the emission and detection distributions are
related as follows:

() = f; (n*), P.fn), (2.75)

with <nk >B the moments for the binomial probabilities:

(n*) = zn:szB(z'; n,r), (2.76)

i=0
which for k =1 and k£ = 2 we have:
(n)g =nr
<n2>B =nr(1 —7) +n*r? (2.77)

From the above, it is evident that (n*)q = r(n*)., as expected. This implies that the
intensity will be diminished by the same factor r,

(D)g =)y =1 ), =71l (2.78)

yet the autocorrelation function will remain unaltered because the term r will cancel

out:
(L) La(t + 7)) (L)Lt +7)) (9

- - ge
(La(t))* r2 (L(1))”
However, the Mandel parameter (Eq. (2.71)) will also decrease by a factor of r:
2y (p)\? _ 202\ _ 2 ()2
<’TL >d <n>d —1= <n>er<]‘ T’) +r <n >e r <n>e _ r <n>e (280)
(n)q r(n)e r(n),

— () + () —(n)e _ <<”2>—<">2 ~ 1) — 0., (2.81)

9P (1) = (7). (2.79)

Qa =

meaning that at low detection rates it will be hard to measure it.

The impact of these inefficiencies on A(n) and the Chernoff information is not
straightforward to compute directly, but can be easily simulated. This underscores the
significance of the Chernoff information, as another readout metric, contrast, which
depends solely on the quotient between the intensities of the |0) and |1) states, will not
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be influenced by r, while the Chernoff information will provide insight into the role of
this parameter in the readout.

However, this detection factor r is not the only source of noise in the detection
process. The detectors are not perfect; not all arriving photons will be detected, and not
all detections will be attributed to the emitted photons. The detector has a dead time,
during which it is unable to register subsequent events because it is still processing a
previous event. Afterpulsing describes a non-ideal behavior of the detector wherein an
artificial count is generated shortly after a real photon pulse. Afterpulsing and dead-time
will have a strong impact on the PES for extremely short photon-counting time intervals
or very high count rates because the characteristic timescale of these processes is in
the range of tens of nanoseconds. These phenomena can be addressed by analytically
modifying the PES [207, 208] or through quantum trajectories, involving the simulation
of several trajectories.

Quantum trajectories

A limitation of the formalism used to calculate the PES is that it does not allow
the simulation of experimental realizations of independent photon emissions. These
realizations can be useful for analyzing certain processes that might apply only to
single photons, such as imperfections in the detection mechanism. However, we can
directly simulate these emissions using the quantum trajectories approach. The main
component of this method is evolving the wave function of the system in time with a
pseudo-Hamiltonian; where at each time step, a discontinuous change may take place
with some probability. The calculated system state as a function of time is known as
a quantum trajectory, and the desired density matrix as a function of time may be
calculated by averaging over many simulated trajectories. We can approximate the PES
through multiple trajectories realizations, associating the jump from the excited states
to the ground states with one photon emission.

We consider our system evolving under a Hamiltonian H which suffer decoherence
and jumps with the operators A, with rates T, following the dynamics given by Eq.(2.39).
In order to solve the previous equation one can resort to a stochastic dynamics using
quantum trajectories, also known as Monte Carlo wavefunction [209]. A quantum
trajectory can be computed following a Schréodinger equation with a non-Hermitian
Hamiltonian

N N | PPN
mpﬁuwzgﬂm. (2.82)
k

The unitary Hamiltonian H; is defined in Eq.(2.38). Here, the strictly negative non-
Hermitian portion of H.g gives rise to a reduction in the norm of the wave function,
that to first-order in a small time step dt, its given by

(Yt +dt)|p(t+dt)) =1—dp, (2.83)

where

dp=dt 3 To (o ()] AL Ak [(1)) (2.84)
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Fig. 2.13: Simulated discrete photon emission (red continuous) for a quantum trajectory
realization. However, not all the emitted photons are detected, due to the dead-time of
the detector (red dotted) and its efficiency (red dashed). Furthermore, some detections
can be caused by non-emitted photons due to an after pulse (blue line). The power of
the laser is Pr, = 1 mW.

and dt is chosen such that dp < 1. The probability of remaining in the state (¢t + dt))
is given by 1 — dp, and the corresponding quantum jump probability is thus given by
Eq.(2.84). If the environmental measurements register a quantum jump, say via the
emission of a photon into the environment, or a change in the spin of the NV center,
the wave function undergoes a jump into a state defined by projecting |¢)) using the
collapse operator A, corresponding to the measurement

Ay [0(#))
dt)y = SRR .
i) || Ak () |] (285)

otherwise, the state evolves freely under fleff,

exp{—i Heg dt} [(t))
(| exp{—iHudt} () ]|

|(t 4 dt)) = (2.86)

If more than a single collapse operator is present, the probability of collapse due to
the i-th operator A; is given by

()| AT A ()
pi(t) = dp : (2.87)

To evaluate the evolution to first-order in time we use the following algorithm to simulate
a single realization of the quantum system. Starting from an initial state [1(0))

Ia. Choose a random number r, € [0, 1], representing the probability that a quantum
jump occurs.

Ib. Choose a random number 7, € [0, 1], used to select which collpase operator was
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Fig. 2.14: Probability of having emitted one photon P(1,¢) computed with the quantum
jump approach solving the generalized Bloch equation (dashed black) described in
Sect. 2.3.2 and the quantum trajectories algorithm (solid black) for N, = 500. The
power of the laser is P, = 1 mW. We compare the calculated P(1,t) for an imperfect
detection assuming a detector quantum efficiency of 80% a dead time of 30 ns and an
after-pulse of 22 ns with probability of 0.8%.

responsible for the jump.

II. Integrate the Schrodinger, using H. until a time 7 such that the norm of the
wave function satisfies ()(7)|¢ (7)) = 4, at which point a jump occurs.

III. The resultant jump projects the system at time 7 into one of the renormalized
states given by Eq.(2.85). The corresponding collapse operator A; is chosen so
that 7 is the smallest interger satisfying:

zi:pk(T) Z Ty, (288)

where the individual pg(7) are given by Eq.(2.87).

IV. Using the renormalized state from step III as the new initial condition at time 7,
we repeat the above procedure until the final simulation time is reached.

In Fig. 2.13 we represent the emitted photons for one of these realizations. We then
repeat the stochastic realization of a quantum trajectory a number N, times. Denoting
with the subscript r each trajectory realization |¢),.(t)) we can compute the observable
M, so that

(t) = >~ (1N (1) X Te{ o)1), (2.80)
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Fig. 2.15: Autocorrelation function computed using the PES computed using the
quantum jump formalism (blue) and from the simulated detection clicks computed from
the quantum trajectories for ideal detectors (black) and considering their dead time (red).
To compute the autocorrelation functions we averaged over N, = 1000 trajectories.

with o(t) obtained directly from Eq. (2.39). In Fig. 2.14, we compare the results for
the emission probability of a single photon computed using both this method and the
quantum jump approach by solving the generalized Bloch equation. Additionally, we
demonstrate how an imperfect detection scenario alters the statistics of the detected
photons compared to the emitted ones. This adjustment is achieved by modifying the
realizations of the emitted photons to reflect the detection process, as illustrated in
Fig. 2.13.

As we previously showed, the autocorrelation function is not affected by the detection
efficiency of the detectors used in the Hanbury-Brown and Twiss (HBT) experiment.
However, it can be influenced by the dead-time and after-pulsing of the detector. In
Fig. 2.15 we compare the autocorrelation function computed by solving the generalized
Bloch equation in the quantum jump framework. On the other hand, in the quantum
trajectories framework, we simulate a stream of individual photons for each trajectory.
This allows us to model the beam splitter in an autocorrelation measurement by randomly
assigning each photon to one of two identical detectors. This allows us to simulate the
autocorrelation function ¢(® (7). When the detector dead-time is taken into account, the
autocorrelation function shows a reduced level of bunching. Additionally, this method
enables us to simulate cases where the photon splitting ratio in the HBT experiment
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deviates from the ideal 50:50 distribution, for example, to a 45:55 split.

2.4.7 Time dependent signals

In quantum sensing, the target information is typically encoded in the expectation value
of some observable of the quantum probe. The state of the system is thus repetitively
recorded and then the expectation value is obtained by averaging over the individual
readouts. However, such a procedure requires that the interaction between the probe
and the target be identical prior to all the measurements, assuming the repeatability
of the process. Here, in contrast, we consider a scenario in which the target evolves
irreversibly as the probe interacts with it, precluding averaging over the results of the
measurements.

We investigated a system involving a single NV center coupled to an ensemble of
nuclear spins through dipole-dipole interactions. This setup represents a magnetically
active sample situated on the surface of a diamond crystal housing a shallow NV color
center. An external magnetic field, denoted B,, is applied along the z-axis, aligned
with the magnetization axis of the NV center. In situations where the strength of the
external magnetic field significantly exceeds the dipole coupling strength, we can employ
a classical approach to model the magnetization of the nuclear ensemble, while still
retaining the quantum characteristics of the NV center-based sensor [210]. The region
probed by the NV center can be seen to have a statistically polarized volume [211, 212],
resulting in an average magnetization of zero. Nevertheless, variations in magnetization
arising from spin-spin interactions within the sample lead to a detectable net signal that
can be captured by the NV probe.

This scenario can be described as the interaction between the NV center and a
classical wave of the form:

B(t) = b(t) cos(vt + ¢), (2.90)

where ¢ is a random phase [212, 101, 213]. The strength of the signal detected by the
sensor, b(t), is influenced by the number of nuclear spins within the sample. Consequently,
it undergoes changes as the concentration of nuclei in the sample varies. Assuming that
the frequency of the signal is known (which implies knowledge of the type of nucleus
coupled to the NV center, such as v = yy B, with vy being the nuclear gyromagnetic
factor), our objective is to determine the behavior of b(¢). To achieve this, we measure
the NV state K times at different instants ¢; during its evolution from ¢y = 0 to tx = t;.
Between measurements, the NV center is subjected to a train of even MW pulses tuned
for the |0) <> |1) transition. We represent the detection protocol described in Fig. 2.16.
The Hamiltonian of the NV under this magnetic field and an external resonant MW
driving Q(t) in the interaction picture can be written as [81]

A A

H = = B(t) = +Q(t) 2

5 5 (2.91)
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Fig. 2.16: Dynamical decoupling pulse protocol superimposed on the target field b(t).

The MW radiation is delivered to the system in the form of pulse sequences, typically
consisting of trains of m-pulses that alternately flip the NV electron spin, as indicated
by the sequence 6, —+ —6, — 6, — —0,.... In this context, we write the Hamiltonian
in Eq. (2.91) in the rotating frame of %, resulting in:

1?:—%F@ﬂx@%, (2.92)

Here, F(t) = £1 represents a modulation function that characterizes the effect of each

m-pulse on the dynamics of the NV center spin. For simplicity, as a first approximation,

we assume instantaneous pulses. This modulation function is conceptualized as a square

wave with frequency v, effectively describing the action of each m-pulse on the dynamics

as a flip-flop operation of the &, operator, that is, F'(t) = £1. The modulation function
F(t) can be expanded in Fourier terms as:

F(t) =Y aycos(kvt), (2.93)

where ay, is given by:

o (2.94)
0 if k£ is even.

{4@4V£ if k is odd,
A =

The alternation between free evolution and MW driven periods induces an oscillation
in the sensor that resonates with the target signal, enabling the sensor to gather
information about it. Specifically, the NV is subjected to N pulse blocks, each consisting
of two m pulses, after which its state is measured and reinitialized. This scheme is
repeated N times at different instants while the signal evolves, resulting in a vector
composed of the results of the total N measurements.
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The decomposition of F(t) provided in Eq. (2.93) aids in investigating the evolution
of the NV center between two measurements. If ¢; denotes the time at which the
measurement begins, then the NV evolves freely between [f;,t;], with &; = t;_1 + tr,
being ¢ the length of the laser pulse. We write the evolution operator as follows,

0, = exp (—z /t ji A dt) . (2.95)

During an integration over a complete period T' = 27“, the Fourier components with
k # 1 are effectively averaged to approximately zero. Therefore, when performing the
integration over a time interval [f;, ;] that encompasses several periods, it suffices to
retain only the term k& = 1:

ti . 2 . AZ t;
[ H(t)dt =~ helé / cos(vt + @) cos(vt)b(t) dt =
ti t;

™

2y.|d. [t
_ Vel / (COSQ(yt) cos(p) — sin(vt) cos(vt) SiIl(QO)) b(t)dt =
T t;
.
_ Delé- / (cos(y) + cos(2uvt + @) e /7 dt =
m ti

. "
- 7|0 cos(gp)/ b(t) dt + o, (2.96)
t

7T i

where

t;
e = [l / cos(2ut + @)b(t) dt. (2.97)
e ti

First, let’s examine the scenario where the population of nuclei decreases exponentially,
b(t) = by exp{—t/7}. We calculate ¢ when integrating over several periods T

b (NT
™ 0
3 —2 N
o elbo T (cos (@) — 2vTsin (p)) - (1 _ = ) -
Nh/e‘bo .
T ' 2.93
2T sin(¢p) ( )

Hence, we can neglect this term when 7 > l”y# This provides a condition for
the timescale of the signals considered for which we can neglect the term e. Assuming
bo ~ 100 nT, B =1T, vv = (27)10 MHz/T, and ~. ~ (27)2.8 GHz/T, we require
7 > 20 ps, which is a more than reasonable condition. Thus, we can consider 7 to be on
the order of us and ms. It is important to note that ¢ will also increase as the number
of periods N increases. Although this condition was derived for an exponential decay,
we can use it to extrapolate it for other behaviors, considering that b(t) does not vary
much faster than 7 in the interval [tg,?;]. Therefore, we can take e — 0 and consider
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Fig. 2.17: Photon counts n at each measurement time for a evolution b(t) = by exp{—t/7}
with by = 0.4 mT and 7 = 0.1 ms. The readout pulse length is 1 us and the time
between pulses 4 ps.

U; = exp (Wi@ cos(¢) /t b(t) dt) : (2.99)

—it;

For an NV initially polarized in the z direction and evolved according to U the
measured spin projection evolves as

(04); = cos <2% cos(p) /tt b(t) dt) (2.100)

™

This expectation value is valid for a constant phase of the target signal . However, as
the phase varies randomly among the nuclei ensemble, the harvested signal is

= o [ oo = (2= [oeyar) 2.101)

where Jy(x) is the first Bessel function with argument x. Before the readout pulse the
system is in the state given by

1

)i =5 (1= {o2))10) + (1 + (=) 1)) (2.102)

Then, we simulate the number of photons emitted n; for each measured state |¢),
through the PES. The result of the experiment is a string with the number of photons
emitted at each measurement, here simulated using the PES,

D = [ny,ng,n3, ..., Nk (2.103)
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Fig. 2.18: (a) The D (green) adjusted in the range of (o), for b(t) = by (%)
(dashed black), with 7 = 0.7 ms and by = 0.6 mT. We plot the fits to D from (o),
computed for go(t) (magenta), g3(t) (blue) and q4(t) (red). (b) We compare the target
b(t) with the fitted go(t), ¢3(t) and g4(t)

In Fig. 2.17 we plot the photon counts n; at each measurement time. The goal now is
to retrieve b(t) from the list D.

If we do not have any prior information about b() we can deduce the state of the
system from the photon counts by taking the moving average of D, denoted by D. We
compute this moving average by averaging L points from D:

D; = Zn (2.104)

In Fig. 2.18a we observe the moving average of the photon counts, processed to fit the
range of (o,), for b(t) = by (1 - . We note that D follows a trend similar

to that of (o,), because the photon counts are directly related to the NV center state.
Therefore, we can try to solve for b(t) directly from Eq.(2.101). The problem with this
approach is that the Bessel function does not have an inverse, which means that we
cannot directly retrieve b(t) from Eq.(2.101). Therefore, we determine b(¢) by adjusting
it using a least squares (LSQ) fit against D. We can assume that b(t) is given by g, (t),
a polynomial of degree n, however, other models are possible. We then fit the expected
(0,), evolution under a signal evolving from ¢,(t) to D. The results of these fits are
shown in Fig. 2.18a, and the predicted b(t) is shown in Fig. 2.18b.

The analysis demonstrates that our LSQ fitting approach effectively captures the
evolution of b(t) despite the inherent stochastic noise in the photon count data. By
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modeling b(t) as a polynomial ¢, (t), we are able to bypass the challenge posed by the
non-invertible Bessel function in Eq.(2.101) and recover an estimate of the underlying
signal. While all polynomial models provide a reasonable fit to the data, increasing
the degree of the polynomial leads to a noticeably better approximation of b(t) over
the measured time period. This improvement is evident in the closer match between
the predicted and observed trends, particularly for longer time intervals where subtle
variations in the signal become more pronounced.

In summary, our method successfully leverages a polynomial model and LSQ fitting
to infer the behavior of b(t), offering a robust estimation even under noisy conditions.
The ability to adjust the polynomial degree provides flexibility in balancing model
complexity and fitting accuracy, thereby ensuring that the essential dynamics of the NV
center state, as reflected in the photon counts, are accurately captured.

A related, but distinct, challenge arises when we incorporate prior knowledge about
the function b(t). For example, if we are aware that b(t) adheres to an exponential
behavior, and our objective is to determine the decay rate 7, then the question becomes
how long we must conduct measurements to accurately estimate the value of 7. Bayesian
analysis serves as a valuable tool in leveraging the information from the data set D to
deduce the most likely value of the decay constant. Bayes rule can be written as:

P(D|r)P(7)

P(r,D) = PO P dr (2.105)

It establishes a connection between the likelihood P(7) of a specific T value that generates
the observed data set D, and the probability of these parameters given the data. In
essence, Bayesian analysis reverses the conditionality: while P(D|7) represents the
probability of the results given the parameters, it allows to calculate P(7|D), enabling
the estimation of the most probable values for the system parameters based on the
observed data.

Alternatively, one can proceed with the analysis using any monotonically increasing
function of the likelihood. A commonly adopted choice is the logarithm, leading to the
log-likelihood function L(D|7) = In P(D|r). This choice mitigates the risk of underflow,
preventing the spurious occurrence of zeros that may arise when multiplying numerous
small probabilities (in this context, the probabilities of the n; shots). Furthermore, it is
possible to add a constant value to L(D|7) without affecting the location of the maximum
with respect to the parameters. This manipulation is used here to facilitate the retrieval
of P(D|7) by exponentiating the log-likelihood. As the NV is reinitialized after each
measurement, each shot can be considered independent, and the joint probability of all
measurements is found by taking the product of all individual probabilities:

K
P(D|r) =[] P(ni|7) (2.106)

=1

Recall that the result of each shot is the number of detected photons rather than the
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Fig. 2.19: Predicted values 7 for 7,.; = 9 ms for the model b(t) = by exp{(—t/7es)}
The blue curve represents estimates derived from Bayesian inference, while the red curve
shows results obtained via the least squares (LSQ) method. Measurements were acquired
at intervals of 25 us. While both methods converge to the correct value by 20 ms, the
LSQ method consistently offers more accurate predictions. This trend was observed
consistently throughout our analysis across various 7,.; values and b(t) functions.

state of the NV. Its probability is thus given by the PES

P(n;|T) = P(n,tL||$),), (2.107)

which is the probability of emitting n photons during the readout of the state
|¢), with a readout pulse of length t;,. The goal of Bayesian inference is to iteratively
update with each measurement a prior belief P(7) about the unknown parameter
7. Initially, we assumed a uniform distribution for P(7) within the range [Timin, Tmax|-
Finally, we compute P(7, D) using the Bayes rule using the grid method. We discretize
the parameter space and iteratively compute the posterior probability for each of the
values.

However, for the problems under investigation, the Bayesian method did not yield
superior results compared to a simpler least squares (LSQ) fit applied to D. In Fig. 2.19,
we present a comparison between both approaches as the measurement time increases,
considering the 7 = 9 ms and K = 1000 measurements. In the Bayesian approach, we
set Tmin = 1 ms and 7, = 100 ms. There are no data at the beginning of the Bayes
curve because of the size of the moving average window. Although this could have been
addressed using alternative techniques, doing so would have complicated the comparison
between models.

Although both methods eventually provide accurate estimates of 7 with similar
uncertainty values, the LSQ method requires fewer measurements to achieve a reliable
estimate. However, Bayesian inference can be advantageous in scenarios involving noisy
data or when estimating multiple parameters. One limitation of the least squares (LSQ)
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method is that it assumes that the probability distribution of the estimated parameters
follows a Gaussian distribution. In contrast, the Bayesian approach directly estimates
the probability distribution without relying on this assumption. This allows for a
more flexible modeling approach, especially when data is sparse or when the underlying
distribution of parameters is not well understood. Moreover, Bayesian methods naturally
handle situations where data are incomplete or where certain parameters may be
correlated, offering robustness in complex modeling tasks. Additionally, Bayesian
inference provides a coherent way to update beliefs as new data become available,
making it suitable for dynamic environments where continuous learning and adaptation
are crucial.

The PES has allowed us to simulate these measurement processes, whereas traditional
method based on rate equations offers merely an averaged, steady-state view of the
NV center fluorescence. In contrast, the PES captures the full temporal dynamics
and stochastic nature of photon emissions, including transient quantum jumps and
detector imperfections, and connecting the emission probabilities with the estimation
theory. This comprehensive modeling capability not only provides deeper insight into
the underlying quantum behavior but also facilitates the optimization of experimental
protocols for enhanced sensitivity and accuracy in quantum sensing applications.

2.5 Ionization dynamics

The NV center exhibits multiple charge states [33], the negatively charged state, NV~
being the most widely studied due to its optically addressable spin-1 ground state.
However, interest in charge-state dynamics has grown in recent years, particularly with
the discovery of spin-to-charge conversion, as highlighted by [214]. This conversion
forms the basis for electrically detected magnetic resonance (EDMR) in NV centers,
even down to the single-defect level [215, 216]. This advancement eliminates the need
for traditional collection optics and single-photon detectors, making the NV center
system more suitable for integration into compact diamond quantum sensors [217].
The sensitivity of these sensors is closely tied to the optical spin readout contrast and
the strength of the signal. Typically, single-NV-center experiments achieve a readout
contrast of around 30%.

Critical to enhancing readout contrast is the initialization of the NV center charge
state. The presence of a population in the neutral state (NVY) introduces unwanted
background luminescence and reduces the overall brightness of the signal. To mitigate
this, NV? fluorescence can be partially filtered out of the collected light using a 650 nm
long-pass filter. However, a significant challenge arises from the unfavorable ionization
dynamics, where excitation with wavelengths longer than the zero-phonon line of NV?°
only allows for unidirectional conversion from NV~ to NV°. Unfortunately, no such
mechanism has been shown for the transfer from NV to NV~. This limitation poses a
challenge in maintaining the desired charge state for optimal readout contrast.

A recent experiment [39] demonstrated a method to enhance readout contrast and
brightness by optimizing the initialization of the charge and spin state of the NV center.
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Conduction band

Fig. 2.20: The level diagram (levels 1-8) is employed for model simulations, incorporating
a charge capture channel leading to the metastable state (|7)). Laser-driven transitions
are depicted with green arrows, while internal decay processes within the system are
represented by dashed arrows.

This study identified a two-pulse laser sequence as particularly effective, providing
superior initialization regardless of the measurement duration. The approach led to an
11% increase in the collected NV~ photon rates and achieved a maximal optical contrast
that exceeded 46%, marking a significant improvement in the read-out performance of
the NV centers.

Our objective is to review the ionization model presented in [39] using the PES
formalism to discover further refinements in the readout process. The treatment begins
with an effective rate-equation model that encompasses both spin and charge dynamics
to replicate experimental time traces and derived spin contrasts. The model involves
decay rates I';; and absorption cross sections o;, where ¢ and j correspond to the levels
involved. The excitation rates I';; are related to the cross section as I';; = oj,cPp,
where P, is the laser intensity and cj, a power scaling factor which will depend on the
experiment and here is taken to be ¢, = 21 MHz/mW, following the results of Ref. [39].
The level diagram for this ionization model is shown in Fig. 2.20 and the decay rates
and cross sections values are provided in Table 2.1. Due to the newly introduced levels,
we have changed the names of the levels of the NV~ center compared to those used in
previous sections.

We modeled the negative charge state of the NV center as a five-level system, which
includes two ground states |1) and |3), two optically excited states |2) and |4), and one
effective singlet state |7), all driven by off-resonant green laser excitation. In addition,
levels |5) and |6) represent the neutral charge state NV°.

In this model, optically excited NV~ states can either return to the NV~ ground
state by emitting a red photon or decay to the singlet state |7) through a nonradiative
and spin-dependent process. Green illumination does not provide enough energy to
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excite the system directly from the triplet ground states to the conduction band |8).
Instead, charge state conversion occurs from the optically excited levels within the triplet
manifold of NV~. Conversion processes include either an Auger process [218] or direct
ionization [219]. The Auger process leads to the decay into the ground state of the NV?,
whereas direct ionization results in an electron being elevated to the conduction band,
effectively scattering the electron out of the NV ™.

Although metastable levels are not included in the neutral charge state, it is known
that the NV charge state possesses a metastable manifold observed by electron spin
resonance [220]. Although a one-photon charge state conversion is energetically possible
from this manifold [219], previous observations suggest that it plays an insignificant role
in the charge state dynamics of the system [221].

The transition from NV to NV~ is facilitated through a two-photon process involving
level |6) [221]. The conversion from NV to NV~ takes place directly from the optically
excited NVV state (level 6) to levels 1 and 3, as well as through the metastable singlet
state (level 7). This state exhibits a lifetime more than an order of magnitude longer
than all optically excited states and has a small excitation cross-section, allowing the
population to be shelved during illumination [185]. Understanding this conversion
pathway highlights the complex interactions between spin, charge state, and shelving
dynamics, providing new insights that were previously missing from simpler descriptions
[216]. Controlling this conversion can lead to enhanced NV~ initialization and could
lead to new readout protocols, as we want to investigate.

This optical transitions connects the dynamics of charge states with the shelving
process occurring in the long-lived singlet state. When operating at high optical
power, this mechanism enables efficient initialization through NV~ to NV transfer
and subsequent electron recapture. Therefore, the NV~ population increases at higher
powers. However, increased shelving under high-power illumination, far beyond the
saturation of the optical transition, would lead to continuously decreasing luminescence
with higher laser powers. However, it has been shown that the NV center exhibits
almost power-independent luminescence in this regime. To account for this behavior

Decay time [ns] Normalized cross section
1/1—‘271 13 01,2 1

1/F473 13 03,4 1

1/Tes 20 ors  0.0059(3)

1/P2’7 935(8) 06,7 015(1)

1/F477 1498(6) 06,3 03(2)

]_/]_—‘771 18612(24) 025 0237(4)

1)T7s  2722(57) ous  0.237(4)

1)Ts, 54 056  0.562(7)

1/F8,2 146 06,1 0281(7)

Table 2.1: Model parameters used for the rate equations [39]
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in the model, we consider the possibility of excitation out of the singlet state through
single-photon absorption to a higher energy state (level 8) [222]. With the inclusion of
this state, a slight decrease in luminescence is anticipated beyond the saturation point,
while it is expected to remain relatively constant at higher laser powers, aligning with
the previously observed anomalous saturation behavior [223]. Nevertheless, high-power
illumination provides an effective method to significantly improve charge-state purity.

To investigate the read-out process using the proposed ionization model, we extend
the previously presented PES model. Although our PES modeling initially focuses on
the fluorescence of the NV~ charge state, it also extends to the NV state. Incorporating
the emissions from both charge states requires considering two separate J operators:
one for the spontaneous emission associated with NV, denoted as J°, and the other
for NV~, denoted as J~. This approach allows us to accurately model the emission
dynamics of both NV centers and their contributions to the overall readout process.

J%0 = Tes |6)(5],
J 0= Taor([2)(1] + [4)3]). (2.108)

To compute the PES, we can:

(a) Simultaneously solve both emissions, taking into account a total emission operator
J =J%+ J~, and obtain P(n,t) by solving p(n,t) = Lop(n,t) + Tp(n — 1,t).
Here, the index n represents the cumulative photons emitted by both NV~ and
NV, and we are unable to distinguish between them.

(b) To differentiate their counts, we can introduce two photon counting variable, k for
the photons emitted by by the NV, and m for the photons emitted by the NV,
and solve for:

plk,m,t) = Lop(k,m,t) + T plk —1,m,t) + T°p(k,m — 1,t), (2.109)

from where we can obtain P(k,m,t) = Tr{p(k, m,t)} the probability of having
emitted k& photons by the NV~ and m photons by the NVY at time t. From
P(k,m,t) we can arrive at their individual emission probabilities P~(k,t) and
P%(m, t) directly as

t) = ZP(k,z’,t) P’(m,t) = ZP(i,m,t) (2.110)

or the total emission probability, regardless of the photon origin:

n

Z (n—j,j,t (2.111)

The problem with this method is that computationally it is very inefficient. If we
set K and M as the numerical cut-offf when solving for (2.109) we need to solve a
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system of differentiable equations of size K x M x L, with L the number of levels
involved here L = 8.

(c¢) In many cases, we will not be interested in the distribution P(k,m,t), but only
PY(m,t) or P~(k,t). We can directly solve for them by considering:

p_(kat) = 'COp_(kat) + j_P_(k' - 17t) + jop_<k7t>a
po(ma t) = ,Copo(m,t) + j_po(m7t) + j()p(](m - ]-7t) (2112)

And
P~ (k,t) = Tr{p_(k:,t)} P’(m,t) = Tr{po(m, t)} (2.113)

Now we need to solve two differential equations of size L x K and L x M, which
for large M and L is more efficient.

(d) We can use a quantum trajectories approach, since in this case the complexity does
not scale when considering new allowed transitions. We account for all the jumps
that the system takes during its evolution. However, we will need to consider
many trajectory realizations, and the resulting PES will be an approximation,
converging to its analytical expression as we increase the number of realizations.

It is important to note that while we assume ideal filtering of the fluorescence emitted
by NV, in practice, only approximately 60% of its emission spectrum is effectively
filtered at room temperature due to spectral overlap. This incomplete photon filtering
can degrade the readout process. We modeled this filtering effect by rejecting a fraction
f of the total photons emitted by NV, Using the quantum trajectory approach, we
can directly discard a fraction f of the photons emitted by NV? in each trajectory. To
quantify this, we compute the total probability Ps(n,t) of detecting n photons after
filtering, using a method analogous to that described in Section 2.4.6. The probability
Pt(n,t) is given by:

Py(nt) = Z {i (T) A= Y=gy Prn—jt)  (2114)

As a first approximation, we use approach (c¢) to compute only the PES of the negative
charge state and assume perfect filtering of the NV° fluorescence. This assumption is
valid because the PL signal from the NV° charge state is smaller than that of the NV~
charge state and can be introduced later as a correction.

The first phenomenon under investigation is the anomalous saturation behavior of
the NV center [222, 223, 224|. Typically, the photoluminescence (PL) intensity of the
NV center increases with laser power until it reaches saturation. However, an observed
peak in the PL intensity as a function of excitation power may be unexpected. This
behavior is illustrated in Fig. 2.21(a), where the blue curve represents the simulated
saturation behavior including ionization mechanisms, and the red curve depicts the
scenario with deliberately suppressed ionization mechanisms.
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Fig. 2.21: (a) Saturation curve of fluorescence plotted against laser power intensity,
showcasing results with and without ionization included in the model. While conventional
expectation suggests luminescence should approach a maximum value asymptotically,
considering ionization reveals a decrease, consistent with findings in prior experiments
[224]. (b) Top: Maximum value achieved for the Chernoff information. (c¢) Bottom:
Maximum value achieved for the contrast, plotted against different laser powers. Without
considering ionization, increasing the laser power proves to be the optimal strategy until
saturation, consistent with our findings in Fig. 2.6b. We observe again a convergence of
both models at low powers. However, when ionization is considered, with increasing
power, an optimal maximum is reached, after which both the contrast and Chernoff
information plummet to zero. This loss in readability of the system’s state is attributed
to charge state transfer.

At low excitation powers, both models show similar behavior because insufficient
energy prevents the occurrence of the two-photon ionization process. In the absence of
ionization, fluorescence saturates at approximately 5-10 mW. However, when ionization
is included, the saturation count is reduced by a factor of 2.5. Additionally, a noticeable
peak in fluorescence appears around 8 mW with ionization, which is not observed in the
model with ionization excluded. This peak arises due to the conversion of NV~ to NV
and the shelving of the metastable state, highlighting the complex ionization dynamics.
These findings emphasize the need for further exploration into the dynamic behaviors
associated with ionization, which could lead to enhanced NV center readout techniques.

Although earlier research primarily focused on exploring the initialization capabilities
of the ionization model [39], our current investigation shifts its emphasis to the scrutiny
of the read-out process. In Figure 2.21(b-c), we systematically examine the maximum
values of the Chernoff information (top) and contrast (bottom) achieved for different
laser powers. This analysis is carried out in both the presence and absence of ionization,
enabling a comprehensive comparison between the two scenarios.

Once again, in the absence of ionization, we observe that both contrast and Chernoff
values saturate as the excitation power increases, consistent with our previous findings
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Fig. 2.22: The maximum values of the Chernoff information (a) and contrast (b) achieved
as a function of the laser power excitation in the ramp pulse readout (solid black line)
or the traditional square pulse (dashed blue line). The Chernoff is always better with
the ramp pulse, however, the contrast is better for lower powers, while the maximum
contrast achieved is higher with ramp pulse. (c¢) Photon emission statistics are compared
between two readout strategies targeting the ground state. At a readout power of 2 mW,
optimal contrast is attained with both the ramp pulse after 275 ns and the square pulse
after 220 ns. Although the contrast remains identical for both readout distributions,
the Chernoff information is 10% higher when employing the ramp pulse.

in Fig. 2.6b. However, with the introduction of ionization, a distinct pattern emerges,
reaching a maximum beyond which both contrast and Chernoff begin to decay instead
of saturating. Notably, the peaks of Chernoff and contrast occur at different laser
powers, indicating different behaviors for each performance metric. The contrast value
is consistent with the experimental results presented in [39]. The non-ionization model
achieves 60% contrasts because it has not been adjusted to real experimental data;
rather, we constructed it artificially based on the ionization model, which was adjusted
to experiments by eliminating the transitions that connect both charge states. We
present the simulations of the non-ionized model to illustrate the difference in trends
between both models and to show that they converge at low powers. The fact that the
ionization model has this interesting behavior opens the possibility to further investigate
alternative readout scenarios.

As a further study, we investigate how the shape of the laser pulse influences
the readout performance of NV centers. In most experimental sequences, the laser
is modulated with a square pulse, which involves a rapid turn-on to full intensity,
maintaining that level for the desired duration, and then a quick turn-off. To explore
the impact of alternative pulse shapes on readout performance, we consider a ramp
pulse as an alternative. In a ramp pulse, the laser intensity is linearly increased until it
reaches a specified maximum, followed by a rapid switch-off.

For both ramp and square pulses, we compare the maximum Chernoff value Fig. 2.22a
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and the maximum contrast Fig. 2.22b achieved at various laser intensities. For the
ramp pulse, the laser power is measured at the peak intensity of the pulse. Consistently
using a ramp pulse results in an overall superior Chernoff value, with a peak of 0.0650,
compared to 0.0625 for the square pulse.

At lower laser powers, the square pulse achieves a slightly better contrast, approxi-
mately 0.5% higher than the ramp pulse. However, after reaching its peak, the contrast
for the square pulse decreases rapidly, whereas the contrast for the ramp pulse decays
more gradually. Around 2 mW, both pulse shapes achieve the same contrast, but the
ramp pulse yields a superior Chernoff value. In Figure 2.22(c), for each laser shape, we
show the emission distributions at this power level for the NV center initialized in its two
ground states, |0) and |1) (corresponding to |1) and |3) in Figure 2.20). Although both
distributions produce the same intensity contrast, the distribution associated with the
ramp pulse demonstrates a higher Chernoff value, indicating better state discrimination.

The maximum contrast achieved increases slightly from 45.0% to 45.1% when using
a ramp pulse instead of a square pulse. Although this improvement may seem modest, it
represents a meaningful improvement in performance. These maximum contrast values
were obtained under specific conditions: the ramp pulse achieved its peak contrast with
a power of 1.6 mW and a pulse length of 335 ns, while the square pulse reached its
maximum with a power of 1.1 mW and a shorter excitation time of 305 ns. Although
the square pulse is marginally shorter and requires less power, its energy consumption
is 17% higher than that of the ramp pulse. This highlights the efficiency advantage
of the ramp pulse, which, while requiring more power, consumes less overall energy
because of its longer, more gradual excitation profile. This efficiency gain can be critical
in applications where power consumption is a key consideration, particularly portable
or battery-operated systems.

The ramp pulse is more energy efficient than the square pulse, offering higher
Chernoff values and comparable contrast at lower powers, with even better performance
at higher power levels. The next step in this research would be to experimentally validate
these results. During this thesis, we collaborated with the IQOQI group in Vienna,
which developed the two-pulse initialization sequence and the ionization model used.
The main challenge lies in generating the ramp pulse quickly, as modulating a laser
analogically can present some difficulties. Although we also explored other modulation
shapes, the ramp pulse emerged as the most promising and experimentally feasible
option.

In this analysis, we focus on Chernoff information and contrast as metrics to
evaluate performance. These metrics are crucial in various applications, particularly in
distinguishing between different quantum states and optimizing measurement schemes.
However, when considering the sensitivity in magnetometry, the photon detection rate
becomes a crucial parameter. Intuitively, the photon rate for a ramp pulse is expected
to be approximately half that of a square pulse with the same maximum power. This
reduction in the photon rate impacts the photon collection and, consequently, reduces
the overall sensitivity. In the next analysis, including the photon rate and sensitivity
in the evaluation of our metrics could offer new insights into the trade-offs between
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different pulse shapes and measurement strategies. For instance, while a ramp pulse may
reduce power consumption and mitigate potential heating effects in some experimental
setups, the decrease in photon rate could diminish the overall effectiveness. Another
step we can take is to include in the modeling the contribution of the NV° fluorescence
as background noise, as will also depend on the readout power.

The intricate interplay of spin polarization with charge state dynamics indicates that
the mechanism implemented will depend on the excitation wavelength [221, 225, 68]. This
matter underlines the necessity for further investigation, by both theoretical modeling
and experimental characterization of the NV center response to different wavelength
excitation. The PES can be an important tool in this modeling and in further research
in this direction.

With these results, we aim to improve the readout of NV centers and enhance
the overall sensitivity and efficiency of quantum sensing technologies, paving the way
for more precise measurements in fields such as nanoscale magnetometry, quantum
computing, and bioimaging. This advancement could significantly broaden the practical
applications of NV centers, making them more accessible and effective in various scientific
and industrial domains.

2.6 Outlook and conclusions

This chapter provides physical insight into the photon emission of an NV center, allowing
its full characterization. The experimental benchmark validates the presented PES
model for the fast intrinsic dynamics of the NV center. Within this framework, we were
able to relate the qubit state of an NV center with the detected stream of photons,
and investigate the properties of the NV center in a variety of scenarios, including
state-readout optimization through the Chernoff information and exemplified with
the Rabi oscillations, characterizing experimental autocorrelation measurements, and
examine the properties of the emitted photons by the bunching and antibunching
behaviors. Finally, the model allows us to determine the optimal regimes for laser and
MW intensities in magnetic sensing experiments. Originally proposed to account for
the PES of a two-level atom, the method introduced in Ref. [156] can be extended to
include the relevant seven electronic levels of an NV center. This technique can be
adapted to benchmark other color centers and quantum systems, as well as to include
other phenomena such as ionization [39] or two-photon absorption [226]. Our work
can also help refine current measurements on the NV center energy levels, leading to
increased accuracy and precision in future experiments. Furthermore, PES are useful
for proposing and evaluating new readout techniques [227] to increase the NV center
sensitivity. Overall, our findings contribute to the understanding of NV centers and
have potential implications for quantum sensing and related applications.
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Compact confocal microscope

3.1 Introduction

The NV center is an atom-like system with well-defined spin properties. The microscopic
model and most optical properties of NV center ensembles were established in the 1970s
on the basis of optical measurements. However, the first detection and characterization of
a single NV center occurred in 1997 [228], and this has since become a highly competitive
field.

The optical nature of NV center magnetometry and other experiments, which involve
using laser light to spin-polarize the NV center and read out its spin state through
emitted fluorescence, underscores the crucial role of optical components in instrument
development. Changes in spin-dependent photoluminescence reveal the Zeeman splitting
of the NV ground state. Consequently, the ability to detect changes in photoluminescence
intensity at resonance directly impacts the sensitivity of magnetic field detection using
NV centers. Thus, the lowest detectable magnetic field depends on the optical collection
efficiency of the photoluminescence signal, making it essential for the most sensitive
magnetometers to maximize photon collection. This can be achieved by increasing either
the number of NV centers that contribute to the signal or by enhancing the optical
collection efficiency of the instrument.

Increasing the number of NV centers is achieved by utilizing ensembles of NV centers.
In this configuration, the magnetic field sensitivity increases as v/ N compared to a single
NV, and all possible NV orientations are present, enabling determination of both the
strength and direction of the magnetic field. The higher number of emitted photons
simplifies experimental setups but comes at the cost of lower spatial resolution and
worse coherence time due to spin coupling between NV centers in a dense ensemble. To
enhance the spatial resolution of the NV ensembles, delta doping of nitrogen during
CVD growth can be employed to create two-dimensional ensembles of NV centers near
the diamond surface for enhanced sensing. Furthermore, nanodiamonds (NDs) can be
fabricated with a wide range of sizes and concentrations of NV centers, showing promise
in many biological applications, although controlling their orientations is an important
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and challenging task. NV centers in both NDs and 2D ensembles provide good spatial
resolution, but their coherence times suffer because of their proximity to the surface,
where they are susceptible to interactions with dangling bonds and other surface effects.
Although these configurations of NV centers offer higher collection efficiencies than
single NV centers, many applications require working with single NV centers because of
their superior coherence time and spatial resolution at the single-atom level. Therefore,
maximizing the collection efficiency of optical instruments is crucial to fully realize the
potential of NV centers.

Various imaging modalities have been demonstrated for collecting NV center photo-
luminescence (PL), each with different efficiencies and requirements. For ensembles and
NDs, common approaches include wide-field [229] and confocal microscopes [205, 230],
as well as custom instruments for specific applications. Although wide-field microscopes
allow for simultaneous reading of the entire field of vision, they lack the necessary
optical resolution for detecting single NV centers, which necessitates the use of confocal
microscopes. Unlike traditional wide-field microscopy, confocal microscopy effectively
excites and detects point-like emitters with a higher signal-to-noise ratio by confining
the excitation and collection volumes. Although diffraction-limited, confocal microscopy
restricts the excitation volume to approximately 250 nm, significantly larger than the
size of a single NV center. Confocal microscopes are commonly used in scanning probe
techniques, where the material is scanned to create a field map, and only the diffraction-
limited spot is illuminated and measured. By rejecting photons emitted in planes above
and below the confocal plane, confocal microscopy reduces background light and provides
a signal-to-noise ratio better than that of wide-field equipment.

The ability to detect single NV centers is essential for fully harnessing their quantum
capabilities. However, challenges remain with current experimental setups, mainly
due to issues of size, complexity, and cost. Recent developments have introduced new
processing techniques [103] that improve sensitivity and efficiency in detecting single
NV centers. Despite these advances, there is still a strong need for compact solutions
that effectively balance performance and accessibility.

The growing interest for portable and cost-effective quantum sensing devices under-
scores the need for detecting individual NV centers with compact and portable setups.
To meet this demand, in this chapter we present a novel compact confocal setup of
approximately 525 mm x 375 mm x 300 mm (L x W x H) size. The stated dimensions
refer only to the optical components of the setup. Control devices and electronics are
excluded from these measurements, as they are designed to be plug-and-play, allowing
flexibility for adaptation to different applications and laboratory resources. Contrary to
standard portable devices [92, 93, 94, 95, 96, 97, 231, 232] this benchtop system allows
the detection and control of individual NV centers incorporating recent technological
advancements such as a designed optics that allows a size reduction maintaining the
stability and resolution, ensuring practicality, cost-effectiveness, and ease of integration
with other experimental components.

By miniaturizing the traditionally bulky and complex confocal microscope setup, we
gain the flexibility to conduct experiments in diverse environments outside the laboratory.
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This portability eliminates the need for specialized infrastructure and facilitates on-
the-go measurements, promoting rapid data collection and analysis. Additionally, the
compact design enhances accessibility, enabling institutions with limited resources to
explore single NV center phenomena and applications.

This chapter presents the setup where we explore this novel compact confocal
microscope system and showcase its potential in harnessing individual NV centers
through the characterization measurements performed. The subsequent sections will
cover the theory and resolution limits of confocal microscopy, along with its applications
in characterizing nanoscale samples and addressing NV centers. Our microscope system
can optically read out the photoluminescence (PL) signal from individual NV centers
and coherently control their spin states, while addressing the need for efficiency and
portability in quantum experiments. Beyond the single NV detection, the system
accommodates also both nanodiamonds and ensembles, making it a versatile tool for
many applications. Coherent control is achieved by precisely synchronizing laser and
microwave (MW) pulses, allowing for magnetic field sensing with nanoscale resolution
and detailed characterization of NV center spin properties. This instrument aims to
overcome existing barriers and facilitate broader adoption and exploration of quantum
phenomena at the single NV center level.

3.2 Confocal microscopy

To comprehend confocal microscopy, one must consider the optical paths of both the
excitation light and the resulting signal, which can be either backscattered light from
a sample or photoluminescence (PL) from a target emitter. Given that PL confocal
microscopy will be the primary mode of operation for use in an NV setup, this explanation
will primarily focus on this technique. In both PL and reflectance modes, the excitation
and detection optical channels remain identical, differing only in how the signal is
spectrally filtered.

The optical path of the detection and excitation channels in confocal microscopy is
illustrated in Fig. 3.1, demonstrating the elimination of out-of-plane light, leading to
enhanced lateral resolution. A dichroic mirror directs light from the excitation source
toward the microscope objective (MO). The dichroic mirror reflects shorter wavelengths
and transmits longer ones. The MO then focuses the excitation light to a diffraction-
limited spot at its focal plane. When this spot illuminates the target, the target emits
photoluminescence (PL), which is collected by the MO.

The collected light is collimated by the MO, and directed towards the dichroic mirror.
Since the emitted PL typically has a wavelength longer than that of the excitation
source, it passes through the dichroic mirror while the backscattered excitation light is
reflected away. A lens then focuses the transmitted PL to another diffraction-limited
spot at the image plane, which is conjugate to the focal plane of the MO. Points in
focus in the MO focal plane are also in focus at the image plane.

A pinhole placed in the image plane allows only the light that passes through it to
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Fig. 3.1: Schematic illustration depicting the operational principles of a confocal micro-
scope. A dichroic mirror reflects the collimated light into the microscope objective (MO),
focusing it into a diffraction-limited spot. In the focus spot, the same MO gathers PL
photons from the excited sample and collimates this light, allowing it to travel through
the dichroic mirror. A lens focuses the light through the confocal pinhole. Planes above
and below the MO focal plane produce light that is out of focus at the pinhole aperture,
which causes it to be greatly attenuated at the detector and contribute very little to
the intensity that is measured. Light coming from below the focal plane is shown by
the red path, while light coming from a plane closer to the MO than the focal plane is
shown by the blue path.
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reach the detector. This configuration significantly attenuates light from planes above
or below the focal plane of the MO, as this light is out of focus at the pinhole and
thus rejected. The pinhole acts as a lateral spatial filter, suppressing light from points
outside the confocal spot of the MO, and ensuring that only light from the focal plane
contributes to the measured signal and the final image formation.

Confocal resolution

The previous discussion accounts only for an infinitely small light source converging to
an infinitely small point at the focal plane of the microscope objective (MO). However,
in reality, the image of the source has a finite width, described by a point spread function

(PSF).

When considering the resolution of confocal microscopes, the PSF is often charac-
terized using the paraxial approximation, especially with low numerical aperture (NA)
objectives. In the paraxial approximation, the PSF originating from a MO with a
circular aperture takes on a specific form in the MO focal plane, which is given by [233]:

Jilp(r)) 2mr
PSF(r) = ———==, with p(r) = —NA 3.1
(1) = D with p(r) = ZENA, (31)
where NA is the numerical aperture of the lens, A is the wavelength of excitation light,
r is the radial distance from the MO centre, and J; is the Bessel function of the first
kind of order one. This intensity distribution within the plane is commonly referred
to as an Airy pattern. The pattern is characterized by a central intensity maximum
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encircled by rings exhibiting decreasing intensity from the center outward. The central
portion is termed an Airy disk, which has a radius of 1 Airy unit (AU), given by [233]

A
AU=1.22"0 3.2
NA (3.2)

The resolution of confocal microscopes is fundamentally related to the spatial
distribution of the intensity profile in the focal plane. The Rayleigh criterion provides
a measure of resolution by stating that the minimum separation required to resolve
two incoherently radiating point sources is 0.5 AU. This ensures that the maximum
of an Airy pattern produced by one source is no closer than the first minimum of the
adjacent Airy pattern. According to the Rayleigh criterion, the lateral resolution for a
conventional wide-field microscope is determined by [233]

A
ATWide = 061ﬂ (33)

In a confocal microscope, this lateral resolution is further improved as a result of
the pinhole, which filters out-of-focus light, enhancing the contrast and sharpness of
the image. This narrows the PSF arising from the point-scanning nature of confocal
microscopy, where the confocal PSF is determined by the product of the illumination
and detection PSF. The improved resolution in a confocal system can be approximated
by [233]:

A
Arconfocal = 0.44— 3.4
T'Confocal NA ( )

The introduction of the confocal pinhole results in the rejection of out-of-plane light,
enabling the resolution of two objects along the optical axis, or z axis. Therefore, axial
resolution can be defined as the measure of separation along the optical axis for which
two point sources can be resolved. The resolution along the axial direction is determined
by [233]:

n

Az =1.
z 5(NA)2

(3.5)

The distinctive confocal microscope capability to differentiate between sources along
the optical axis is attributed to the pinhole ability to reject light from planes other
than the MO focal plane. Hence, the size of the pinhole is a critical factor in any
confocal microscope. If the pinhole is too large, the depth discrimination ability is
compromised; if it is too small, the signal-to-noise ratio suffers significantly. Typically,
lateral resolution is more sensitive to small variations in pinhole size compared to axial
resolution. The choice of pinhole diameter depends on the specific application, and users
often prioritize resolution over the amount of signal collected. In many commercially
available confocal microscopes, the pinhole is not fixed but variable, using a pinhole
wheel to change aperture sizes. Typically, pinhole diameters are chosen close to the size
of the image of the Airy disk at the pinhole, which is determined by multiplying the
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Fig. 3.2: 3D model design of the optomechanics of the compact confocal microscope.

Airy disk size in the MO focal plane by the total magnification at the pinhole.

The effectiveness of confocal microscopy stems from its ability to reject light orig-
inating from outside the MO focal plane and confine the excitation volume, thereby
reducing the measurement volume to a diffraction-limited spot. Consequently, to collect
information on a macroscopically sized sample, the measured point must be moved
relative to the sample. There are two common methods for achieving this: sample
scanning or beam scanning. Each method offers distinct advantages, but in our confocal
microscope we use sample scanning. Sample scanning involves moving the sample
beneath a stationary imaging point under the MO, typically employing piezoelectric
scanning stages. The field of view (FOV) of a sample scanning confocal microscope is
determined solely by the range of the sample scanning stage. A stage with a large range
and nanometer precision is highly desirable.

In summary, confocal microscopy is recognized as a point-by-point imaging technique,
generating 2D images through the sequential acquisition of PL signals from diffraction-
limited measurement volumes. The imaging spot can be scanned either by translating
the measurement spot in the MO focal plane using scanning mirrors or by scanning
the sample beneath a stationary beam. The rejection of out-of-plane light and the
confinement of the excitation volume make confocal microscopy an ideal optical technique
for conducting experiments on atomically sized emitters, including optically addressing
single NV centers mounted on a scanning probe for magnetometry applications.
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3.3 Confocal design

The aim of this study is to develop, construct, and utilize a compact confocal system
for optical readout of the photoluminescence (PL) signal from individual NV centers.
This system aims to enable coherent control not only over individual NV centers but
also over NDs containing NV centers and shallow ensembles of NV centers.

In shaping the optomechanics of the system, advanced 3D modeling software has been
used. This deliberate approach allows for meticulous design and optimization, ensuring
precision in the arrangement of optical and mechanical elements. The integration of
3D modeling facilitates a comprehensive understanding of the geometry of the system,
helping to identify and mitigate potential challenges associated with compactness,
alignment, and overall performance. In Fig. 3.2 we present the 3D model of the setup.

In Fig. 3.3, we depict a schematic overview of the components that make up the
confocal system, while in Fig. 3.4 we provide a picture of the compact confocal system.
Each component is labeled in both figures, and a list of components can be found in
Table 3.1. The optical elements are mounted into a cage system, providing stability
and alignment of the optical components. The precision in the optomechanical design
ensures that the confocal setup maintains its alignment over time. To excite the NV
centers, a green laser (1 - Toptica iBEAM SMART PT 515) that emits light at a
wavelength of 515 nm is used. The power of this laser can be finely adjusted using a
fiber variable optical attenuator (2 - Thorlabs V450A). The laser beam is then guided
through a single-mode fiber and collimated (3 - Thorlabs F810APC-543). Subsequently,
the beam passes through a 550 nm low-pass filter (4 - Thorlabs FESH0550), effectively
eliminating second harmonics originating from either the laser or the fiber. Next, the
beam is directed towards a dichroic mirror (5 - Thorlabs DMLP550R), which reflects
the beam onto another mirror (6 -Thorlabs BB1-E02) that redirects the light towards
the oil-immersion microscope objective (MO) aperture (7 - Olympus UPLXAPO 100X).
Maintaining a beam size commensurate with the MO aperture is crucial to ensure that
the focused spot size at the sample closely matches the diffraction-limited resolution.
The MO used boasts a numerical aperture of 1.45, a magnification of 100, and a working
distance of 135 um. It is important to note that the MO serves as the cornerstone of
a confocal microscope as it dictates both the efficiency of photon collection and the
spatial resolution achieved. For this MO, the theoretical lateral resolution is 155 nm
and the resolution along z is 850 nm.

The detection path begins in the MO focal plane, with light collected and collimated
by the MO. The detection and laser path are split at the dichroic mirror, which transmits
the longer wavelength PL light and reflects the laser light. To further isolate the PL
signal from the detection signal and differentiate the PL of the NV~ from the PL of the
NV, a 650 nm long-pass filter is placed in the optical path, enhancing the signal-to-noise
ratio in the detected signal (9 - Thorlabs FELH0650). The collected PL is then focused
with a 50 mm lens (10 - Thorlabs AL2550M-A) into a 20 pm pinhole (11 - Thorlabs
P20HK), which enhances the axial and lateral resolution by allowing only focused light
to contribute to the image, thus reducing background noise. The light exiting the
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pinhole is subsequently focused by a lens pair (12 - Thorlabs MAP051919-A) into the
photon detector, a single-photon avalanche diode (SPAD) with single-photon sensitivity
(13 -MPD PDM-050-CTB). Photon counts are analyzed using a Time-Correlated Single
Photon Counting (TCSPC) card (16 - PicoQuant TimeHarp 260). For precise alignment,
the pinhole is affixed to a zyz translation stage incorporated within the cage system,

# | Device Model Comments

1 | Laser Toptica / iIBEAM SMART PT 515 | A = 515nm; Band-
width = 10nm; Modu-
lation bandwidth = 250
MHz; Maximum output
power = 50 mW

2 | VOA Thorlabs / V450A 488 to 600 nm

3 | Collimator Thorlabs / F810APC-543 NA = 0.26; f = 34.74
mm

4 | Shortpass Filter | Thorlabs / FESH0550 Cut-Off Wavelength:
550 nm

5 | Dichroic Mirror | Thorlabs / DMLP550R 550 nm Cut-On

6 | Mirror Thorlabs / BB1-E02 400 - 750 nm

7 | Objective Olympus / UPLXAPO 100X NA = 1.45; Working
distance = 0.135 mm;
Field of view = 0.265
mm; Depth of field =
0.2 pm

8 | Piezo stage Newport / NPXYZ100SG XYZ Range = 100 pm;
Close loop resolution =
0.4 nm; Open loop res-
olution = 4 nm

9 | Longpass Filter | Thorlabs / FELH0650 Cut-Off Wavelength:
650 nm

10 | Lens Thorlabs / AL2550M-A f =50 mm

11 | Pinhole Thorlabs / P20HK Pinhole diameter = 20
+ 2 pym

12 | Lens pair Thorlabs / MAP051919-A f1 =19.0 mm; 2 = 19.0
mm

13 | Photon detector | MPD / PDM-050-CTB Dead time: 75 ns

14 | Acquisition card | NI / USB-6343 (BNC)

15 | Piezo controller | Newport / NPC3SG

16 | Photon counter | PicoQuant / TimeHarp 260

17 | AWG Keysight / M8190A 12 GSa/s

18 | MW source Windfreak / SynthHD

19 | MW amplifier MiniCircuits / ZHL - 16 W-43-S+

Table 3.1: Experimental equipment
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Fig. 3.3: Schematics of the main components of the compact confocal microscope and
the devices used, listed on Table 3.1.

allowing meticulous adjustments, with the z axis aligned parallel to the beam, while the
lenses are mounted on a z stage. Lastly, the SPAD is placed on an zyz stage securely
attached to the table, ensuring stable positioning during experimentation.

The use of SPADs to register the photon events allows for high-sensitivity detection,,
while also enabling the collection of temporal data of the PL signal. The output signal
from the SPADS is delivered into a time tagger for time-correlated single-photon counting
(TCSPC). Alternatively, for simple PL experiments, the signal is directed to a pulse
counting data acquisition card (14 - NI USB-6343 (BNC)). For applications where the
spectral composition of the optical signal is of interest, the SPAD can be substituted
with a spectrometer.

To scan the sample beneath the MO, we secure it onto a nanopositioner featuring
a piezo-based stage with a travel range of 100 um, allowing for nanometer resolution
motion along the zyz axes (8 - Newport NPXYZ100SG). The position of the stages is
controlled using an analog signal from 0-10 V for each axis, with 0 V corresponding to
the most retracted position on that axis (0 pum) and 10 V to full extension (100 pm)
(15 - Newport NPC3SG). This piezo controller is then connected to the acquisition card
to manage the confocal scans. The nanopositioner is then integrated into a coarse stage,
facilitating the mounting and positioning of the sample.
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Fig. 3.4: Picture of the optical elements of the confocal setups, labeled as they appeared
in Table 3.1.

MW signals, crucial for controlling the spin of the NV center, are transmitted via a
cable antenna with a diameter of 20 um securely affixed to the diamond surface. Pulsed
sequences are generated using an Arbitrary Waveform Generator (AWG) (17 - Keysight
/ M8190A), while a simpler signal generator manages the continuous sequences (18 -
Windfreak SynthHD). To increase the strength of the MW signals, a 45 dBm amplifier
is utilized (19 - MiniCircuits ZHL - 16W-43-S+).

The confocal microscope is mounted on a breadboard with dimensions of 450 mm
x 300 mm (W x H), allowing it to be transported without dismantling or optical
misalignment. The breadboard can be fixed to an optical table for stability. When
fully assembled, the instrument fits within a black optical enclosure measuring 525 x
375 x 300 mm?® (L x W x H), with the exception of the control electronics, which are
accommodated on a separate rack. This optical enclosure is designed to provide optical
isolation from external light sources and to confine the working environment to prevent
exposure to open beams.

Qudi

Qudi, a specialized software [173], orchestrates the scanning process, manages the
acquisition and processing of fluorescence signals, and governs the control of both laser
and MW pulses. Although originating from the University of Ulm and freely available,
our contribution entails the development of new hardware modules tailored to our
setup. Designed in Python 3, Qudi stands as an advanced, adaptable, and modular
operating system suite, specifically designed for laboratory experiments. It delineates
a structured framework by segregating its functions into distinct layers: hardware
abstraction, experiment logic, and user interface.

At its core, Qudi has an extensive range of features, including a user-friendly
graphical interface, real-time data visualization, seamless distributed execution, robust
configuration management, and comprehensive data recording capabilities. The Qudi
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Fig. 3.5: Qudi structural design consists of a rigorously enforced three-layer architecture
which governs the design of all experiment modules. Logic modules are crafted to
encapsulate specific measurements, comprising necessary tasks and data analysis proce-
dures. These logic modules establish connections with hardware modules through clearly
defined interfaces, ensuring hardware agnosticism within the experiment framework,
provided the hardware meets minimum requirements. GUI modules, on the other hand,
interface with the logic layer, enabling user interaction with the experiment setup and
facilitating the display of data and computed results.

suite comprises interconnected modules managed by a central component, as shown in
Fig. 3.5. Initiated by a single executable Python file, the manager component facilitates
core functions such as logging, error handling, configuration reading, and remote access.
This foundational infrastructure expedites module development for new experiments by
providing structured starting points.

Logic modules serve to control and synchronize experiments, facilitating the passage
of input parameters from the user to hardware modules and processing measurement data
as required. These modules manage the exchange of information between the hardware
modules and perform the necessary computations and conversions. Equipped with
their own thread and event loop, logic modules handle concurrent task execution and
device synchronization, overseeing all steps from measurement initiation to completion,
including data evaluation and storage.

To ensure maximum reusability, hardware modules must be interchangeable for
measurement devices that offer similar functionality but operate and communicate
differently. These hardware modules address these challenges by translating logic
commands into hardware-specific language, achieved through defining an interface, a set
of functions required for a hardware module of a specific type to function. This interface
class is inherited by implementing hardware modules, necessitating the overriding of all
inherited functions.
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Fig. 3.6: (a) Wide confocal scan of the alignment target card. (b) Confocal scan of 2
pm lines of the alignment target card.

Qudi GUI modules facilitate user interaction through on-screen windows for experi-
ment control and data visualization. While providing a convenient interaction method
with logic modules, Qudi remains fully functional without GUI modules. GUI modules
are restricted from direct interaction with each other or hardware and do not engage in
data processing.

3.4 Single NV detection

The first task was to investigate the lateral resolution of the confocal microscope. An
instrumental aid that facilitated the alignment and refinement of our setup was a
reflective resolution target. These targets, commonly employed for gauging imaging
system resolution, feature reference line patterns with precisely defined thicknesses and
spacings. They are designed to be placed in the same plane as the object being imaged.
They allow us to identify the largest set of indistinguishable lines, thereby determining
the resolving power of our system. In Fig. 3.6a we can see a confocal scan of the different
lines of the resolution target, while in Fig. 3.6b we resolve lines of a width of 2 pm.

To align and test the axial resolution, we considered a single crystal CVD diamond
with a high NV concentration of 4.5 ppm. The fluorescence of this ensemble sample is
visible to the naked eye and thus allows us to align the detection path of the confocal
microscope. To verify that the measured fluorescence came from NV centers, we
substituted the SPAD by a spectrometer, and measured the characteristic spectrum of
the NV center, depicted in figure Fig. 3.7. We measure the zero-phonon line (ZPL) of
both the NV? and the NV~ as the two narrow peaks in the spectrum. They correspond
to the electronic transition occurring without any involvement of phonons, representing
the energy difference between the excited and ground electronic states. To evaluate the
axial resolution of the set-up, we conducted a confocal depth scan across the surface
of this densely packed ensemble of NV centers. Although the high brightness of the
sample presents a challenge in discerning individual NV centers because of collective
fluorescence, these experiments aid in determining the sharpness of the surface. In
Fig. 3.8a, the intense fluorescence at the top of the image represents the interior of the
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Fig. 3.7: Fluorescence spectrum of an ensemble of NV centers where we can distinguish
the zero phonon line (ZPL) of the NV® at 575 nm and of the NV~ at 637 nm. We use a
Thorlabs CCT10 - Compact Spectrometer to measure the spectrum.

diamond. The interface between the diamond and the MO oil is distinguishable and a
distinct black circular shadow appears at the bottom right, associated with the cable
antenna known to have a width of 20 ym. The cable blocks part of the excitation beam,
which produces a dim shadow in the confocal image.

To demonstrate the nanoscale resolution of our set-up, we imaged NDs with a
diameter of 70 nm and an NV center concentration of 2.5 ppm. These NDs were
provided at a mass concentration of 1 mg/mL in deionized water, which we diluted by a
factor of 50. After allowing the solution to dry, we placed it under a thin cover glass
with a thickness of 100 um. As the size of the NDs falls below the diffraction limit
of our setup (approximately 300 nm), they appear as small as single NV centers but
significantly brighter, as illustrated in Figure Fig. 3.8b. Under green laser excitation, we
observe the distinct spots associated with NDs containing NV centers. It is important
to note that some bright spots may not correspond to ND; these brighter and larger
spots may be generated by other particles. Over time, these non-ND spots experience a
permanent loss of fluorescence due to prolonged exposure to excitation light, leading to
chemical changes that render the molecules non-fluorescent.

To detect single NV centers, we examined a diamond substrate that we then
implanted. In Fig. 3.9a, we present an image of the diamond sample affixed to a PCB
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Fig. 3.8: (a) A yz confocal scan of a diamond sample containing an NV concentration
of 4.5 ppm. The intense fluorescence at the top represents the diamond interior, with a
distinguishable interface between the diamond and MO oil. A distinctive black circular

shadow at the bottom right corresponds to the cable antenna, known for its 20 pum
width. (b) Confocal scan of NDs.

board, with the wire securely welded to the top of the diamond. This setup is integral
in ensuring the electrical connections required for subsequent manipulation and readout
of the NV center. Typical methods for securing the diamond to the antenna include
double-sided tape, glue, or optical grease. However, some adhesives can dissolve under
immersion oil or degrade over time, compromising the stability and accuracy of the setup.
Maintaining a clean surface on the diamond is crucial to minimizing the detection of
elements other than NV centers. Contaminants on the diamond surface can significantly
affect the optical properties and accuracy of the measurements. To ensure surface
cleanliness, we employ a thorough cleaning process that includes acetone ultrasonic
cleaning. This method effectively removes organic contaminants and residues that may
have accumulated on the diamond surface during handling and preparation.

It is important for the diamond substrate to have a low defect concentration prior
to implantation. Using a single crystal electronic (ELSC) grade as the substrate, we
chose a high-purity chemical vapor deposition (CVD) diamond material engineered to
minimize point defects. This material stands out as one of the commercially available
options boasting the lowest Nitrogen (N) and Nitrogen-Vacancy (NV) center density.
Interestingly, it has a nitrogen concentration of less than 5 parts per billion (ppb) and
typically has an NV center concentration of less than 0.03 ppb.

The diamond substrate was subjected to a nitrogen ion implantation process with
an energy of 5 KeV. The implantation energy determines the depth of the NV centers
below the surface, in this case approximately 10 nm. The spot diameter was selected to
be 200 ym. Different doses of 1’NT were implanted in various regions of the diamond,
as depicted in Fig. 3.9b. The implantation dose is responsible for determining the NV
concentration of the spot. The preference for >Nt over *N arises from its simpler
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Fig. 3.9: (a) Diamond sample from ULM glued to the PCB antenna. Over it we can see
the welded 20 p cable. (b) Schematics of the implanted spots over the diamond surface
with the different concentration energies.

hyperfine structure (due to spin-1/2), which leads to clearer spectral features and
potentially longer coherence times in the NV center.

After the implantation process, the sample is subjected to annealing. This involves
heating the diamond to a temperature ranging between 800° C and 1000° C, keeping it
at this temperature for several hours, and then gradually cooling it down [234]. The
precise arrangement and positioning of the NV centers within the diamond lattice can
result in variations in their properties, potentially affecting their suitability for particular
applications. Annealing serves to mitigate some of these issues by providing energy for
atomic rearrangement, relieving lattice stresses, and potentially enabling NV centers to
adopt more favorable configurations.

Varied implantation doses will result in different NV center densities. Low doses, such
as 10° PN* /em? and 1010 >N /em?, enable the detection of individual NV centers. The
intense and uniform PL of these ensembles is ideal for initial calibration and alignment
procedures. This ensures that the microscope is focused on the surface and precisely
adjusted before moving on to detect single NV centers. Moreover, these ensembles are
valuable for various applications beyond the initial setup due to their proximity to the
surface, which allows for enhanced interaction with other samples positioned on the
surface. In Fig. 3.9 we present two confocal scans of the spot with an implantation dose
of 102 N* /em?. In Fig. 3.10a, we show an zy scan at the edge of the implanted spot,
where the shadow of the antenna is visible. In Fig. 3.10b, we show a scan zz, where
the upper half of the confocal image corresponds to the diamond and appears darker
compared to the lower half representing the MO oil. This contrast is attributed to the
elevated refractive index of the diamond. We can observe a narrow bright line at the
interface because of the fluorescence of the NV centers, which are implanted 10 nm
below the surface.

Once the surface is located, we can begin searching for sparse single NV centers at
the edge of the implanted spot or in areas with a lower implantation dose. In Fig. 3.11,
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Fig. 3.10: Confocal scans on the implanted diamond in the spot with an 102 implantation
energy of N*/cm?. (a) A 100x100um? zy confocal scan with a 10 nm pixel size of
the edge of the implanted spot, where we can observe the 20um shadow of the cable
antenna. (b) A 100x100um? xz scan where we can see the objective oil and and the
bright dense layer of NV centers at the surface of the diamond.

the bright spots correspond to single NV centers in the region with an implantation dose
of 101% 1®N* /em?, with their diameter reflecting the optical resolution of the confocal
microscope, approximately 300 nm. Fig. 3.11a shows a 20 ym x 20 pum area with a
pixel size of 10 nm, while Fig. 3.11b provides a close-up view of a region of bum x 5u
m with a resolution of 2.5 nm. However, the optical contrast, reflected in the difference
in counts between the NV center PLL and the background, is not optimal and could
be improved by reducing the laser power and refining the alignment and design of the
set-up.

3.5 Coherent control

Once we have detected a single NV, our goal is to coherently control its spin state. The
orbital ground state of the NV center is a spin-triplet. The static Hamiltonian of the
NV center ground state, neglecting any interactions with nuclear spins or spin-strain
interactions, and assuming that the NV-axis is oriented along the z-direction, parallel to
an external applied magnetic field By, is given by:

Hy = DS? + 7. By S. (3.6)

where D = 2.87 GHz is the zero field splitting go the ground state, 7. = 28 GHz/T is the
electron gyromagnetic ratio and S'IW are the spin-1 matrices. The second term accounts
for the Zeeman splitting of the states |[£1). In order to achieve magnetic spin resonance
and coherent control, we need an external MW that induces transitions between the
spin sublevels. For example, a resonant field enables us to controllably rotate the ground
state spin states from |0) to |1) and back, process termed Rabi oscillations. This field is
usually created using a MW signal generator and an antenna. We include the oscillating
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Fig. 3.11: (a) Confocal fluorescence scan of the sample of area 20umx20um with a 10
nm resolution. Bright spots correspond to single NV centers. The sample is a diamond
implanted with N ions at an energy of 5 eV and a dose of 10° ions per cm?. (b)
Smaller confocal scan over an area of 5 umx5 pum with a resolution of 25 nm

magnetic field in the Hamiltonian as a time-dependent term given by

H, = Qcos(wt)S,. (3.7)

Using a wire antenna, we generate an oscillating magnetic field to coherently
manipulate the electronic spin of the nitrogen-vacancy (NV) center ground state. First,
we measure the spin-transition spectrum of a single NV center. During this measurement,
a laser continuously excites the NV center, and we record its fluorescence, which is linked
to the spin state of the NV center. MW radiation is applied simultaneously to induce
spin rotations in the ground state. When the MW frequency matches the transition
frequency |0) <> |£1), equal to the zero field splitting D = 2.87 GHz, population transfer
occurs from the bright state |0) to the darker states |£1), resulting in a decrease in
fluorescence. This procedure is referred to as optically detected magnetic resonance
(ODMR). Fig. 3.12 illustrates the zero magnetic field ODMR spectrum, with the main
peak centered at D = 2.87 GHz. We obtained a contrast Full Width at Half Maximum
(FWHM) Av = 11 MHz and a contrast of ¢ = 4%, defined as one minus the ratio
between the signal intensity at resonance and non-resonant conditions. In Fig. 3.12b,
additional ODMR spectra are presented, recorded for an arbitrary external magnetic
field introduced by placing a permanent magnet in the proximity of the diamond crystal.

The energy splitting of the |+1) state depends on the orientation of the By field
with respect to the NV axis. We can compute the magnitude of the magnetic field in
the projection of the NV axis by:

vy —v_ = 2B (3.8)

where v, and v_ are the central frequencies of the two resonances, corresponding to the
transitions |0) <> |[+1) and |0) <> |—1) respectively. For the ODMR measurement shown
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Fig. 3.12: (a) Normalized ODMR spectrum at zero magnetic field for a single NV center.
(b) Normalized ODMR spectrum for an arbitrary magnetic field applied to the NV
center. The central resonance is split into two resonances due to the Zeeman splitting
of the |£1) states.

in Fig. 3.12b, the data was fitted to a double Lorentzian curve, yielding a frequency
split of v, —v_ =125+ 1 MHz. From this, the magnetic field projection was determined
to be B, = 2232+ 6 uT.

From the ODMR spectrum we can investigate the projected sensitivity for a shot-
noise limited measurement, which is of the order of [74]

g 2r Av
N Ve Cﬁ.
Here, R represents the rate of detected photons, which in this case was measured as
R ~ 4000 counts per second and Av is the width of the resonance at half maximum with
¢ the resonance contrast. We obtain Sgy = 0.1mT/ vHz, a relatively low sensitivity due
to the low count rate when measuring a single NV center. However, the detection rate
R can be improved by increasing the laser power and improving the collecting efficiency
of the microscope. Additionally, both the contrast and line width can be improved by
aligning the external magnetic field with the NV axis and carefully optimizing the MW
and laser power.

(3.9)

In our initial experiment, we applied continuous-wave MW and laser fields to
interrogate the NV center. However, using pulsed excitation offers distinct advantages:
it provides higher optical contrast and allows for more precise control of the spin state.
In a typical pulsed sequence, a laser pulse first polarizes the NV center into the |0) state.
Then, a sequence of MW pulses is used, often comprising 7 and 7 pulses resonant with
a selected transition, to manipulate the spin state. For example, a m-pulse swaps the
populations of |0) and |£1), while a 7/2-pulse brings the |0) state into the superposition
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Fig. 3.13: (a) Pulse sequence to perform Rabi oscillations. The length of the laser pulse
is 2 ps and the length of the MW pulse is varied. (b)) Rabi oscillations for a single NV
center in the spot (see Fig. 3.9b) with an implantation dose of 10° ¥ N*/cm? with MW
frequency set to w = 2.87 GHz. We measured for 1 minute and obtained €2 = 20.4 + 0.1
MHz and TR = 320 + 60 ns

state (|0) + |£1))/+/2. Finally, a laser pulse is applied again to read out the spin state,
with many protocols combining the initialization and readout steps for efficiency. The
durations of these pulses are calibrated by measuring Rabi oscillations.

After a continuous-wave ODMR has been successfully performed on a single NV
center, the next step is to probe the coherent dynamics of the NV center by measuring
Rabi oscillations. These oscillations—characterized by the periodic exchange of popula-
tion between the |0) and |1) states under an external resonant MW field—demonstrate
the coherent control of the encoded qubit.

Successfully demonstrating Rabi oscillations indicates that we have achieved coherent
control, a crucial step in validating the viability of any quantum system. To observe
Rabi oscillations, we set the driving MW frequency to be in resonance with the ODMR
transition frequency and vary the MW pulse length. An initial laser pulse of 3 s is used
to initialize the NV in the |0) state. Then a subsequent MW pulse of varying length
T rotates the spin. The next laser pulse serves as the readout pulse. The schematic
of the pulse sequence implemented for this experiment is illustrated in Figure 3.13a.
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Fig. 3.14: Rabi oscillations in the shallow NV ensemble in the spot (see Fig. 3.9b) with
an implantation dose of 10'2 N /em? with MW frequency set to w = 2.87 GHz. We
measured for 1 minute and obtained © = 12.0 4 0.2 MHz and T3**" = 155 £ 25 ns

For a single NV center, from the spot with an implantation dose of 10! N* /em?, we
observe oscillations in the spin-dependent PL signal as a function of the pulse length of
the MW, as shown in Figure 3.13b, which indicates coherent rotations of the spin. The
Rabi oscillations can be fitted to an exponentially decaying sinusoidal

SRabi = a cos (2107 + @) exp{—T/TQRabi} +c (3.10)

where a is the Rabi oscillation amplitude, ¢ is an offset, €2 is the Rabi frequency, ¢ is
a phase, and TR is the driven coherence time of the spin. The Rabi frequency
characterizes the coupling strength between the driving MW field and the NV center.
The driven coherence time T5*P describes how long the |0) <+ |£1) transition can be
driven before the system dephases into a mixed-state. For the Rabi oscillations observed
in the single NV center we determined Q = 20.4 4= 0.1 MHz and 75" = 320 =+ 60 ns.
We can calibrate the exact 7/2-pulse and m-pulse lengths as 7./, = 12.25 4 0.05 ns and
7, = 24.5 £ 0.1 [235]. We also measured Rabi oscillations in the shallow NV ensemble
of the spot with an implantation dose of 10*? 1N /cm?, shown in Fig. 3.14. For these
Rabi oscillations observed using the same MW power as for the single NV center, we
determined Q = 12.0 £ 0.2 MHz and T3* = 155 4 25 ns. The intrinsic dephasing time
is influenced by magnetic noise from the surroundings, specifically, fluctuating spins that
interact with the NV center spin. This noise can arise from various sources, including
nuclear spins such as 3 C, 4 N, 1 N, ! H, P1 centers or other unpaired electron spins.
Similarly to NMR, this magnetic noise can be partially mitigated using decoupling
sequences, resulting in an extended coherence time. We will demonstrate this approach
later in a Hahn echo experiment.
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Fig. 3.15: Rabi frequency as a function of the applied voltage to the 20 um cable.

Although typical coherence times for bulk NV centers can reach a couple of mil-
liseconds, shallow NV centers exhibit dephasing times in the range of 10 to 100 p s due
to surface effects, such as unpaired electrons in surface dangling bonds. The smaller
measured value in our case is attributed to considering a single NV in a spot with a
high concentration of NV centers, which contributes to increased magnetic noise. For
the shallow ensemble, we measured Q = 12.0 & 0.2 MHz and T3#P = 155 4 25 ns, a
smaller value due to the higher concentration of NV centers [236] and the inhomogeneous
broadening of resonance frequencies across the measured NV centers. Although we do
not individually resolve the NV centers in the shallow ensemble, as we still operate
under confocal resolution, we anticipate that only a small number of NV centers will be
excited. Each of them will have distinct couplings to the MW field and a different Rabi
frequency, contributing to the combined Rabi oscillations illustrated in Fig. 3.14.

We also aim to characterize how Rabi frequency €2 depends on applied MW power,
expecting to observe Q ~ /Py [74]. However, it is crucial to note that the Rabi
frequency is influenced not only by the MW power but also by factors such as the
distance from the spot to the MW source and the orientation of the NV center relative to
the driving field. As we use a cable antenna, the radiated power will be Py ~ V?/R,
where V' is the applied voltage and R is the resistance of the wire. Hence, we anticipate a
linear correlation between the applied voltage and the Rabi frequency, as demonstrated
in Fig. 3.15. We observe faster oscillations as we increase the peak-to-peak voltage
applied to the shallow ensemble of the spot with a 10'2 N /cm?. This linear tendency
exhibits distinct slopes for different NV centers, depending on their proximity to the
antenna and orientation relative to the radiation field.
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Fig. 3.16: Examples of time-dependent fluorescence, denoted as Iy and I, corresponding
to pure initial spin states |0) and |1) for a single NV center. The fluorescence is more
intense when the system is initialized in the |0) state. After a time span of 750 ns, both
initializations reach the same steady state, causing their intensities to become equal.

As discussed above, the PL intensity provides insight into the state of the NV
center. To initialize the system into the |0) state, a 3 us laser pulse is applied, and
to initialize it into the |+1) states, a m-pulse follows this laser pulse. However, the
described initialization procedures are not ideal and do not result in pure |0) or |£1)
states. The PL data, collected from a single center, are accumulated over thousands of
measurement repetitions. The SPAD sends short nanosecond pulses each time a photon
is detected, and the TimeHarp assigns them a time tag according to an external trigger,
which is then used to build the PL histogram presented in Figure 3.16, showing the
time-dependent PL trace after a laser pulse for the NV initialized in the states |0) and
|1), denoted as Iy and 1.

The contrast in the fluorescence of the pure spin states corresponds to the difference
in intensity between the time traces. However, after 300 ns, the system depolarizes due
to optical excitation, reaching a steady state, and we lose information about the initial
state because both states initialization reach the same intensity. The time required
to reach this steady state will depend on the optical excitation power. The optical
dynamics of the NV center can be utilized to optically read out the spin state of the
center and simultaneously spin-polarize the center to the |0) state.

After turning off the laser excitation, the population undergoes a rapid decay from
the excited states to the ground state, leading to a swift reduction in fluorescence. This
decay process plays a crucial role in characterizing the transition rates between different
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Fig. 3.17: Fluorescence lifetime measurement for a single NV center. Once the excitation
is switched of the fluorescence rapidly decays with a lifetime of 12 + 2 ns.

energy levels of the NV center. The contributions of NV~ and NV in the decay process
are influenced by the excitation power employed and the optical filtering conditions.
In 3.17, we measure this decay time, revealing a decay behavior consistent with the
predictions from the ionization model [39]. We measure a fluorescence lifetime time of
12 £ 2 ns, which is consistent with other experimental results [237], where the NV center
fluorescence lifetime ranges from 10-30 ns.

The previous PL traces allow us to readout the NV center spin state in pulse
experiments. We used the m-pulse length derived from the Rabi oscillations to formulate
a pulsed ODMR sequence. In this pulsed ODMR approach, we initiate the NV center
with a laser pulse, followed by the application of a MW pulse length equal to that of a
m-pulse. Similarly to continuous-wave ODMR, we systematically vary the frequency of
the MW pulse. When the MW frequency matches the transition energy, the applied
m-pulse causes the initialized |0) state to convert to the |1) state, which appears darker,
leading to a decrease in the optical signal. Conversely, if we are off-resonance, this
conversion is less efficient, resulting in fewer population transfers to the |1) state. It
should be noted that using a 27-pulse would prevent observation of resonance, as it
would return the initialized state to the |0) state. Pulsed ODMR efficiently utilizes
optical and MW resources to precisely measure the resonance frequency of the NV
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Fig. 3.18: A comparison between continuous wave ODMR and pulsed ODMR, utilizing
identical laser and microwave power, reveals an enhanced contrast of 14.3 & 0.9% for
the pulsed protocol compared to the 12.4 4 0.3% contrast observed in the continuous
scheme. Notably, both sequences yield similar linewidth values.

centers. Unlike continuous-wave ODMR, where the ground state is continuously excited
while simultaneously pumping it to transfer population from the bright state, pulsed
ODMR separates the driving and readout processes. This allows for the application
of precisely timed MW pulses, ensuring that the conversion of the bright state into
the darker state occurs with optimal efficiency. This makes pulsed ODMR ultimately
more sensitive and provides resonances with more contrast. A further benefit of pulsed
ODMR is the ability to significantly narrow the microwave excitation bandwidth, which
reduces the spectral linewidth and makes it possible to resolve hyperfine structures.

Continuous-wave ODMR, involves the continuous irradiation of the sample with
microwave radiation, potentially leading to undesired heating effects. In contrast, pulsed
ODMR, with its intermittent application of microwave pulses, mitigates overall heating.
This characteristic is particularly significant in experiments where precise temperature
control is essential for accurate and reliable results. In Fig. 3.18, we present a comparison
between continuous and pulsed ODMR protocols for a single NV center using identical
laser excitation power and MW driving conditions. The pulsed ODMR exhibits a
higher contrast of 14.3 £ 0.9 %, surpassing the contrast of 12.4 4+ 0.3 % observed in
the continuous wave counterpart. Despite this contrast difference, both protocols yield
similar line width values. Specifically, for the pulsed protocol, we measure a line width
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Fig. 3.19: (a) Pulse sequence to perform Rabi oscillations. The length of the laser pulse
is 2 us and the length between the pulses, the free precession time, is increased. (b) Hahn
echo fluorescence decay for a single NV center, for which we measured Tyt = 940 4 40
ns

of Av =21 + 1 MHz, while the continuous experiment produces a comparable value of
Av =20.4+ 0.6 MHz.

In the next characterization measurement, we will assess the coherence time 751
of the NV center using a Hahn Eco experiment. A Hahn echo is a dynamical decoupling
sequence commonly used in the context of NMR and electron spin resonance (ESR) [54]
to protect the spin dynamics and extend its bare coherence time T5*". Unlike quantum
systems operating at lower temperatures, room-temperature systems face significant
thermal noise. Therefore, exploring the coherence times in room-temperature systems
is particularly relevant. In Fig. 3.19(a), we present a schematic of the Hahn echo
sequence. Initially, the spin of the NV center is prepared in the |0) state. Subsequently,
a m/2-pulse is delivered to induce a 90-degree rotation of the spin. Following this, the
spin evolves freely during a precession time 7. A subsequent m-pulse flips the spin, and
after another precession period 7, a second m/2-pulse is applied before the spin state
is read out. The second free precession period helps to cancel out any uncontrolled
phase. Experimental data shown in Fig. 3.19(b) is obtained by varying 7 until the phase
relation is randomized and the spin signal saturates, indicating a completely mixed
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Fig. 3.20: (a) Pulse sequences for the CPMG spin-echo sequence, where N¢FPMC g

the number of refocusing pulses. (b) Examples of CPMG measurements for different
NEPMG The arbitrary units of the y scale correspond to intensity, but to visualize the
curves together we have modified their offset. (c¢) Extracted slope for all CPMG scans.

state. Fitting the data to an exponential decay yields to an extended coherence time of
T3eho = 940 + 40 ns. This enhancement compared to the measured intrinsic 75! is
attributed to the spin refocusing achieved by the Hahn echo sequence, which effectively
reduces dephasing caused by low-frequency noise. It is important to note that potential
contributions from nuclear spins, such as 3C, and any associated electron spin echo
envelope modulation effects are inherently reflected in the measured value of Tehe.

Instead of a single refocusing pulse, multiple such refocusing pulses can be applied
to further extend the spin coherence time. However, performing multiple pulses of
refocusing on the +x axis leads to an accumulation of pulse errors. Hence, refocusing
pulses about the +y axis - known as the Carr-Purcell-Meiboom-Gill (CPMG) spin-echo
pulse sequence — are more advantageous [238, 239]. For the CPMG pulse sequence shown
in Fig. 3.20a, N°FPMC s the total number of (7),-pulses and the total free precession time
of the NV spin is given by TNPMG The CPMG pulse sequence acts as a band-pass
filter: increasing the number of refocusing pulses for a fixed 7 sharpens the filter, while
decreasing the time 7 between refocusing pulses has the effect of shifting the center of
the filter to higher frequency. The center frequency of the band-pass filter is given by
7/ [240].

In Fig. 3.20b, we plot the result of CPMG sequences with an increasing number
of refocusing pulses N°PMG For the same total free precession time, a larger N¢PMG
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implies a shorter 7, and hence a larger center frequency of the CPMG filter function
[241]. For N = 1 the CPMG sequence behaves as a Hahn echo sequence, and as N
increases the slope of the curve decreases, corresponding to an increase of the NV center
coherence. The arbitrary units of the y scale correspond to intensity, but to visualize
the curves together we have modified their offset. In Fig. 3.20c we plot the slope values
extracted from the decays, suggesting that the noise spectral density of the NV center
environment reduces toward higher frequencies. We would expect a decay tendency
similar to the Hahn echo experiment from Fig. 3.19, however, we were only able to
observe the tendency of the dynamical decoupling sequence employing the coherence
time of the NV center.

A preliminary analysis suggests that incomplete capture of the full expected decay
behavior, as we did in the Hahn echo experiment, is likely attributable to limitations
in the temporal resolution of the AWG during the loading of the microwave pulse
sequence. Our hypothesis is that the AWG was not able to load pulse sequences of
sufficient duration to capture the full decay profile as the coherence time was extended.
In other words, when the coherence time increased due to additional refocusing pulses,
the limited memory of the AWG prevented a complete observation of the decay, leading
to an under-representation of the extended coherence behavior. Future work will focus
on employing an AWG with longer sequence capacity or optimizing the current system
to ensure that the entire decay process is accurately recorded with enough resolution,
thereby enabling a more precise quantification of the noise spectral density.

3.6 Outlook and conclusions

Although the setup reliably detects and controls single NV centers, several aspects have
been identified that could enhance the setup performance. In its current design, we
are unable to accurately measure the power of the laser delivered at the MO without
manipulating the setup. Our initial idea was to place a photodiode detector behind the
dichroic mirror to measure the residual transmitted laser light, but the signal is too weak
for accurate measurement. We have identified three solutions. The first is to use a beam
splitter instead of a dichroic mirror, which would divide the incident beam, directing
half to the MO and the other half to the photodiode detector. Although this approach
would degrade the wavelength filtering of the signal coming from the objective, this can
be addressed by incorporating higher-quality filters. This solution allows simultaneous
measurement of laser power and NV center PL, enabling one to correlate fluctuations in
the laser intensity with fluctuations in the NV center PL.

The second option involves adding a mechanically removable photodiode detector
in the laser path to measure laser power without altering other elements of the setup.
However, this method cannot be used during sample excitation because the photodiode
would obstruct the excitation path.

The third, though more expensive and complex, involves positioning the same
single-photon avalanche diode (SPAD) used for detecting NV center fluorescence behind
the dichroic mirror to measure residual laser photons. This approach enables balanced
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detection, which uses two detectors and differential measurement to cancel out noise
from laser fluctuations, thus improving the sensitivity of optical measurements.

Another change that could improve the setup performance in the future is to attach
the piezostage to the MO rather than to the sample. If the laser beam diameter is
larger than the MO aperture by at least the size of the piezo-stage scanning range
(100x 100pm?), this modification would not affect the image formation. By moving the
MO instead of the sample, we effectively isolate the optical components from the sample,
creating a more integrated and versatile instrument.

In contrast, moving the sample with the piezostage imposes limitations on the
applications. For instance, strong electric or magnetic fields intended for the NV center
could interfere with the operation of the piezo, and heating the sample might damage
the piezo, necessitating additional design considerations. Separating the piezostage from
the sample and integrating it with the rest of the confocal system would increase the
versatility of the system. In addition, improvements could be made to other aspects,
such as the positioning and control of the magnet and the stability of the optical table.

A subtle change has been identified that could potentially enhance the stability
of the setup. Currently, optical elements such as the SPAD, MO, dichroic mirror,
pinhole, and lenses are mounted on top of optical posts. This arrangement makes them
susceptible to vibrations and instabilities. To mitigate these issues, a more robust
approach would be to mount these components closer to the optical table. This would
necessitate changing the excitation geometry: currently, we excite the sample from
above, but this new configuration would require excitation from below. However, while
this excitation geometry offers improved stability, it may not be optimal for certain
applications. However, exciting the sample from the top introduces its own set of
challenges. For example, there is a risk that optical oil leaks down to the piezoelectric
stage, potentially causing damage if not carefully managed. However, inverting the
geometry would direct any oil leakage towards the MOobjective of the microscope, which
is generally less susceptible to damage from such leaks.

For future work directions, a preliminary study has been carried out to assess
the biocompatibility of our setup with magnetospirillum bacteria. Magnetospirillum
magneticum AMB-1 possesses magnetic organelles that generate magnetic fields. Pre-
vious research used shallow ensembles of the NV center to create magnetic images of
this bacteria with a wide-field microscope [229]. We are investigating another type of
magnetic bacteria, Magnetospirillum gryphiswaldense MSR-1, using our confocal system.
This strain is easier to cultivate in the laboratory and also produces magnetic organelles
of similar size. Some studies propose that applying an alternating magnetic field to
these organelles can induce hysteresis losses in the magnetic organelles [242]. Repetition
of magnetization and demagnetization generates heat as a result of internal friction
and energy losses in the hysteresis cycle. This heat can potentially kill nearby cells
or bacteria, making the NV center valuable for measuring the local temperature and
magnetization of the bacteria.

In summary, in this chapter, we have designed, developed, and benchmarked a
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compact confocal experimental setup that effectively isolates single NV centers and
demonstrates coherent spin control. The experiments conducted with this setup en-
able the detection of NV center magnetic resonance and the implementation of pulse
sequences. This confocal system serves as a precise and important tool for a wide
range of applications in quantum technologies, including the characterization of spin
defects in solids, nanoscale NMR, hyperpolarization, biosensing, quantum sensing, and
quantum information processing. Although further work is needed to continue to minia-
turize the system and enhance its accessibility, the integration of NV center detection
into a portable and compact confocal microscope streamlines experimental workflows,
accelerates research progress, and broadens the scope of NV center technology.

This confocal system and the accompanying experimental work represent one of the
first demonstrations of single NV center detection and control in Spain, according to
published records. It opens a new research line in quantum technologies and establishes
a new experimental platform for the national quantum ecosystem, which currently lacks
a substantial experimental quantum workforce compared to other European countries
[243]. This system has already been utilized for training students in quantum principles,
and future research projects and initiatives are being proposed.
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Chapter 4

Quantum machine learning

4.1 Introduction

The convergence of machine learning (ML) and quantum computing leads to the birth
of quantum machine learning [244, 57, 245], which takes advantage of both information
processing paradigms to provide better algorithms. This is achieved either by using
ML to improve the efficiency of quantum protocols [246, 247, 248, 249, 50] or by taking
advantage of quantum resources to create new paradigms with better performance
[130, 250, 251, 252, 253], such as quantum neural networks (QNN). Although there are
several studies comparing the expressivity of classical and quantum artificial neural
networks [131, 254], the goal of beating classical ML is under critical review [138]. Recent
works, in the quest for better quantum models for ML purposes, characterize and compare
expressivity among different network typologies [255, 256, 257, 258, 259]. This is made
possible by the emergence of unitary-based QNNs [260, 261, 262, 140, 263, 264, 265],
which offer experimental feasibility on multiple quantum platforms, such as trapped
ions [266, 267] and superconducting circuits [140, 268, 269, 270].

On the one hand, a perceptron-type QNN, that can be implemented as a quasi-
adiabatic passage in an Ising model [262, 264, 265], expresses any continuous function
as a weighted linear combination of different adjustable sigmoids based on the universal
approximation theorem [271]. Correlations resulting from the entanglement among
various perceptrons provide these artificial networks with at least as much power as their
classical counterparts. However, the entanglement is intrinsically generated along hidden
layers, and understanding its role in improving the network approximation capability in
classification and regression problems remains a challenge. On the other hand, QNNs
based on parametric quantum circuits, by virtue of the Solovay—Kitaev theorem [272],
are universal classifiers, and are implemented in repeat-until-success [260], random
circuits [261, 273], or by data re-uploading [140]. A single qubit has already been used
to approximate continuous functions, specifically in the context of regression problems
[274]. Quantum resources may be introduced easily and easily controllable by adding
entanglement gates to the topology of the network.
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Although the expressivity of all these unitary-based QNN models is fundamentally
bounded by the data encoding strategy [275], we show that the maximal performance in
regression tasks is conditioned by the final QNN state readout. We refer to expressivity
as the ability of a quantum neural network to approximate a continuous function, that
as we will see later can be quantified through Eq. (4.5). To this end, we assess the
expressivity of a universal deep QNN that follows a data re-uploading strategy, employing
various measurements and architectures that vary in terms of network depth and number
of qubits. This construction mitigates the discrepancies attributed to the use of different
models, enabling a fair comparison of networks with the same topology but distinguished
by the presence of quantum resources, such as entanglement. The expressivity of the
QNN is quantified by employing a partial Fourier series representation, which allows
us to bound the maximal expression power of the network. In particular, we find that
the maximal performance is conditioned by the final QNN state readout. With the aid
of the teacher-student scheme [257], we systematically benchmark network accuracy in
regression problems, showing that global measurements of the multiqubit system or the
use of a final entanglement layer leads to saturation of the maximal expressive bound,
optimizing the performance of the network.

The chapter is structured as follows. We begin by introducing a universal quantum
regressor based on re-uploading continuous input data in Sect. 4.2, which results in
a trainable QNN. In Sect. 4.3, we explain how the QNN can be implemented on an
experimental platform using NV center technology. Then, in Sect. 4.4 we analytically
quantify the expressivity through a partial Fourier decomposition and systematically
benchmark it in deep QNN differentiated by the presence of entanglement, Sect. 4.5.
The chapter ends with the main conclusions and prospective research lines in Sect. 4.6.

4.2 Deep data re-uploading QNN

We propose an encoding scheme of arbitrary normalized real functions f(Z) € [0, 1]
through the degrees of freedom of a set of qubits. These qubits are assumed to constitute
a circuit that performs a unitary transformation of the initial state |¢) into the final
output state

|6(Z)) = U(Z) o) , (4.1)

by the unitary transformation i/ (), where ¥ = (21,29, ...,2,) € R" are independent
input variables that set the topology of the circuit. The circuit is approximated by a
data re-uploading QNN with an adjustable set of parameters 6 = {0y, 6,,--- 6.},

U@ ~U(,0) = [T L 0), (4.2)

=1

where we adopt the convention Hflvzl A, = Ay - Ax_1... - A;, with the dot being the
standard matrix multiplication. The [-th layer is represented by the unitary trans-
formation ﬁl(f,@), with input data ¥ and undetermined parameters 97 Similar to
perceptron-based neural networks [262], the complexity (or interconectivity) of the
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network increases with the number of layers L. We choose the unitary transformation
for each layer to be constituted by a single qubit SU(2) rotation with the data encoded
as the rotation angle,

A

Li(7,6) = R,(2(&, - 7+ B)) Ry (2ay), (4.3)

where R.(27) = €% is the rotation around the y—axis, with v = {z,y, 2z} and &,
representing the standard Pauli matrices. For every layer, there are n 4 2 adjustable
parameters 0, = {@1, B, a0} € {R™, R, R}, and the scalar product is defined as & - ¥ =
w1y + - + wypTy. Thus, the complexity of the circuit increases linearly with the
dimension of the input data.

—

The output of the QNN F(Z, 6), is used to approximate a target function f (Z), and
it is obtained by calculating the expectation value of an observable M in the output
state [¢(z)),

F(Z,0) = [ (o(Z)| M |o(Z)) | — [f(2). (4.4)

Initially, we choose M = 6., such that the mapping is done in the excitation amplitude
of the qubit. However, more sophisticated mappings are possible, e.g., M=0 =
Ul + U0y +uyly + .0, With e, Uy, uy, u, € R also trainable parameters. The optimal
network topology is constituted by the set of parameters f that minimizes a particular
cost function C, i.e., Op = argming C(f; 5) For the considered regression problems, we
use the squared error loss function, which corresponds to

= 1

Cr:0) = 3 [F.0) - 1) (45)

~—

where K is the total input samples of . The optimal parameters Oy for a particular
target function are obtained minimizing Eq. (4.5) using gradient descent optimization,
with 4 initialized randomly. To explore a larger region of the parameter landscape, the
minimization is repeated R times.

Note that the topology given by Eq. (4.3) is able to connect any two states on the
Bloch sphere. However, in order to capture non-trivial patterns in the original data Z and
to approximate an arbitrary real function f(Z), this data  needs to be reintroduced in
the subsequent layers [140]. Meanwhile, the complexity and approximation power of the
network can be increased by extending the model from one qubit to an arbitrary number
of qubits, (). We first consider that the qubits that form the QNN do not interact.
Thus, the total transformation is the outer product of the unitary transformations of all
qubits after each layer, such that

—

Q —
U(#,0) =[] R Liy(7,01y), (4.6)

I=1¢=1

where each qubit has a set of adjustable parameters qu = {W1q, B uq} and the
approximation of f(Z) is done via M = 6% with 6" = 22221 54,

93



Ivan Panadero Mufioz

Fig. 4.1: Quantum circuit diagram of a data-reuploading quantum neural network
(QNN) with three qubits and three layers. The circuit includes inter-layer entanglement
and data reuploading mechanisms at each layer.

The QNN has a total number N, = LQ(n + 2) of adjustable parameters f. We now
introduce entangling gates at each layer among the different qubits in the QNN model
described by Eq. (4.6),

L Q
U@ 0) =1 £ - (@Ll,q(f, el,q)) (4.7)
=1 q=1

Although there are different ways of introducing entanglement to enrich the network
topology (by modifying either the entangling gates at each layer or the entanglement
allocation), for simplicity, we consider here a fixed gate applied at each layer. In
particular, to emphasize the role of entanglement, we define E' as a gate that is
maximally entangling, which produces a generalization of Bell states when applied to
the computational basis [276],

A Qil A
B = 1]1 (((%) [)® Fr® (Q(g) ]I)), (4.8)
with .
Ey=—=(1®1+i0, ®0,). (4.9)

V2

Fig. 4.1 represents an scheme of this unitary evolution for a QNN with ) = 3 and
L = 2. Note that the amount of entanglement is introduced as a fixed quantity, i.e., the
gates in Eq. (4.8) do not introduce new adjustable parameters. To distinguish different
architectures, we label the topology of the QNN as Aq(L,Q) (A;(L,Q)) with the
subscripts 0 (1) indicating the absence (presence) of entangling gates. Two architectures,
Ao(L, Q) and A, (L, Q), contain the same number N, of variational parameters 0 and
only differ by the incorporation of entanglement. Consequently, we are able to evaluate
exclusively the role of this quantum resource in the performance of the QNN.
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4.3 QNNs with NV centers

In this section, we discuss the experimental implementation of the unitary evolution
described by (4.7) using NV centers, aiming to construct the quantum neural network
(QNN). To build each layer, we apply the rotation operators R, and .f{y. The rotation
gates R, and ]%y can be realized by applying resonant microwave fields along the z- and
y-axes, which interact with the NV center electron spin. To perform a rotation fix(ﬁ)
about the z-axis by an angle 8, we introduce a microwave field of appropriate frequency
and phase, tuned to drive transitions between the |0) and |1) states, effectively defining
a qubit within this two-level subspace.

To drive the spin from |0) — |1) the perturbing Hamiltonian must have off-diagonal
matrix elements, thus H,,, must have terms proportional to ¢, or &,, which means that
the B(t) generated by the antenna is contained in the z-y plane. We can write the
Hamiltonian for the |0) and |1) states:

H= I:fo + f{inta

2 Wo 4

Ho = -6, (4.10)
2 eBa:t N eB t A
= - 2205, 2Blt),

where we have considered & = 1. Here H, represents the static Hamiltonian that
determines the energy splitting between the |0) and |1) states, with wy = D + 7.B, as
the associated resonance frequency. In this expression, 7. is the gyromagnetic ratio of
the NV center electron spin, and Bl represents the perpendicular component of the
magnetic field applied in the x-y plane. For the specific case of a rotating transverse
field of constant amplitude:

B,(t) = Bcos(wt + ¢)
By(t) = Bsin(wt + ¢) =

A

B
Hint(t) - - 72

— g(e—i(wtw) oy + ety )

(4.11)

(cos(wt + ¢)b, + sin(wt + ¢)5,) =

Where B is the amplitude of the driving magnetic field, w its frequency, ¢ its phase
and (2 = 7. B is the Rabi frequency. In a geometrical picture, if we switch to a rotating
frame co-rotating with the applied field, the Hamiltonian becomes effectively static in
this frame, simplifying the integration of the Schrodinger equation. To achieve this, we
move to a rotating frame about the z-axis by an angle wt, where w is the frequency of
the rotating field. The unitary transformation to this rotating frame is given by:

N t
Upp = exp{—z'“;&z} (4.12)
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Applying this transformation to the Hamiltonian yields the effective Hamiltonian
in the rotating frame. The Hamiltonian in the rotating frame, Hgp, is obtained by
transforming the original Hamiltonian H as:

. A aa o~ doa
HRF == URFHU;&F - ZURF%U;;F (413)

Using this transformation, we obtain:

. A Q, . : A Q

Hgp = —562 + 5(6"¢’6+ + €5 ) = —Eﬁz + 5((:0:5((;5)696 + sin(¢)é,) (4.14)
Where we have defined A = w — wy, which represents the detuning, or the difference
between the frequency of the rotating field and the magnetic resonance frequency. This

detuning parameter indicates how far the system is from resonance.

We can generalize this result by rewriting

—
A

Hpp = =06 — Q= —A& + Q(cos(¢)é, + sin(p)E,), (4.15)

N | —

where & = G1€y + 6,6, + 0.€, . This allows to define a generalized Rabi frequency
Q, =[] = V7 + A”. (4.16)

The evolution of the system is given by the unitary operator:

S

'(ﬁ.

O i () = exp(—; )t). (4.17)

This unitary evolution corresponds directly to the definition of single-qubit rotations

A

R, (27) = exp(iT55), (4.18)

where 6., represents the Pauli matrix corresponding to the rotation axis v € {z,y, 2},
and 7 is the rotation angle.

To generate a desired rotation, we can control various parameters: the de-tuning A
of the MW field the Rabi frequency 2 (which depends on the microwave power), the
duration of the microwave field application ¢ and the phase ¢ of the microwave field. By
tuning these parameters appropriately, we can precisely manipulate the spin state and
achieve the desired rotation. In the framework of a QNN, these Hamiltonian parameters
A, t, ¢ serve as analogues of the trainable parameters of the network, such as weights,
biases, and inputs &, 3, a, x which can be optimized by gradient descent to minimize a
cost function.

After initializing the NV center with a laser pulse into the state |0), the final state
after a subsequent microwave evolution, governed by the unitary operator Urap;(t), is
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given by:

Qot A Qot s §2 Q,t
. — o — qin | =22 el 20 i 2207
Uravi(t) 0) [cos( 5 ) +ZQO sm( 5 >] |0) — ie 0 Sm< 5 ) 1) (4.19)

This describes the time evolution of the initial state |0) under the influence of the
microwave field.

To generate entangling gates E' we simply concatenate two-qubit entangling gates
between NV centers. Entanglement between NV centers has previously been achieved
experimentally. In [109], entanglement between NV center spins was demonstrated at
a distance of approximately 25 nm. At these distances, magnetic dipole coupling is
strong enough to achieve high-fidelity entanglement while still enabling individual spin
addressing using super-resolution optical microscopy. In addition, efficient schemes for
the preparation of entangled states between two separated nitrogen-vacancy (NV) centers
in a spin-mechanical system have been developed via a dissipative quantum dynamical
process [277]. Other approaches rely on engineered MW pulses using optimal control
and dynamical decoupling sequences to achieve high-fidelity entanglement between NV
centers [110].

Although the necessary ingredients for implementing quantum neural networks
(QNNs) with NV centers are available, several experimental limitations must be con-
sidered when scaling the QNN to a larger number of qubits. To entangle multiple NV
centers, they need to be placed close together, but this proximity introduces challenges
in optically addressing them for readout and initialization. Additionally, not all pairs of
NV centers can be entangled, as their positions are fixed within the diamond lattice,
which limits entanglement to neighboring pairs. The requirement for NV centers to be
close together can also negatively impact their coherence times because of strong dipole
interactions between the centers, leading to decoherence and noise, which can degrade
gate fidelity. Addressing these challenges requires continued research in advanced control
sequences, algorithms, and improved fabrication and experimental techniques to mitigate
these effects and enable the scaling of QNNs with NV centers.

In this chapter, we will not consider these practical effects in our investigation of
QNNs, since our focus is on the theoretical framework and the necessary components
for their implementation. While experimental limitations are crucial for real-world
applications, the primary objective here is to explore the design, functionality, and
potential of QNNs, assuming ideal conditions for gate operations and qubit inter-
connectivity.

4.4 Approximation power

4.4.1 Fourier decomposition of the QNN unitary

In order to characterize the expressivity of the QNN we adopt an agnostic approach and
consider qubits as mathematical objects, avoiding any reference to a particular quantum
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platform. Using the Fourier decomposition of the unitary transformation produced by
the QNN and compute the number of harmonics that do not vanish after encoding the
output state through the observable M. We introduce a novel strategy for bounding the
expressivity of the QNN [275, 259] that enables us to compute the Fourier amplitudes
and identify zero coefficients.

For each qubit, the single layer unitary transformation given by Eq. (4.3) is decom-
posed into the fundamental frequencies +dj; 4 of the qubit,

ﬁl,q(f’a 9_;) = Raz@(“_}l,q T+ ﬁl,q))Ry(QO‘l,q) =

_ cos(Wyg - &'+ Biq)  —isin(Wyg - T+ fiq)) [cos(ang) —sinayg)) _
—isin(Wyg - T+ Big)  cos(Wig - T+ Big) sin(agy)  cos(auy)
= Tyt 4 T, (4.20)
where . n
A L(it, —1 A 1/t t ;
Tr == " ) Bra T == ( La lﬂ) e~ 4.21
M2 <_tl7q tl d M2 tl—t_q tg 7 ( )

with ticq = cos(ayq) £ sin(ay,). We use this expression to decompose a network into
products of this sum. Then, we write these products as a factorization of single layers
gates:

L Q L
U(z,0) = [[ QL5 e o + T e~ wa®) = [] . (4.22)
=1

I=1¢g=1

with 4; = ®qu1 (le;emlv‘ff +Tl:16*"°31v¢f). The harmonics generated by this transformation
are combinations of w;, with positive or negative sign. To compute the Kronecker
product, we define P = P(Q)) as the set of all possible sign permutations of @) terms.
For example, for () = 3 we have

P(3) = {{+7 +, +}7 {+7 +, _}7 {+7 ) _}7 ) {_7 ) _}} (4'23)

We denote P* the k-th element in P, and P, the n-th element in P* with P¥ = + or
—fork=1,...,2Yandn=1,...,N.

Using this notation, and defining Tm[j:] = Tﬁ;, we express the action of a single
layer as

29 Q 2

(7, 0) = Z (® Tiq { }) exp{ ( Zqucﬁl qf) } => Bfe’mf“, (4.24)
k=1 \q=1 =1 k=1

with BF = BF(a, ) = ®q g [Pﬂ and mF = mF(J) = (Z 1 PFdq). For illustration

purposes, in the case () = 3, ignoring the [ subindex in Tl’q and ¢ 4 for clarity,

—

ﬁl(f’ ) — (T-‘r 13 +T_ —zwg) ® <T+ (np) +T_ —zwz) ® (T+ 11 +T_ —zwl) _
= T;‘ ® T2+ ® T1+ (W3 a4 )T + T+ ® T+ Q T— (W3 +@o— )& +
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+ T @ Ty @ Ty el@ 0% 4 4 Tr@ly @ Ty el- 0T (4 95)

Introducing entanglement on these architectures leads to a similar decomposition as
Eq. (4.24), replacing the expansion coefficients Bf — E'BF, while the frequency spectrum
remains the same.

Introducing the expression for @; obtained in Eq. (4.24) into Eq. (4.22), the action
of the whole transformation produced by the QNN is written as a sum of harmonic
terms,

U(z,0) = Hﬁl = H Bﬁelmz T
l
O L 2L@
= <H BZWZ) exp{ (zZm >} ZC’@’M z (4.26)

where we have defined the expansion coefficients C; = Cj(a, 8) = [1X, Bl , the Fourier

frquencies M; = M;(3) = ¥, T?LIWZ] and the indices W} are defined in a similar fashion
as P; we take W (L, Q) as the set of ordered combinations of L elements which take
values in {1,2,...,2¢}. For L = 3 and Q = 2,

W(3,2) = {{1,1,1},{1,1,2}, {1,2,1}, ..., {4, 4,3}, {4,4,4}}. (4.27)

We denote with W7 the j — th element in W, and W/ the I-th element in WJ. For
the previous example W? = {1,1,2} and W¢ = 1. Alternatively, defining the element
X] = PqW], which takes the values +, we can write C; = [[X 1® qu[Xl'q] and
M, ( J) =%, Zq X7 ' Wiq- From the expansion in Eq. (4.26), we deduce that the total

number of harmonics in the expansion of the unitary U, L.o(Z, 9) is N, = 2L€.

In Eq.(4.26) the product of the unitaries in each layer has been rewritten as a
single summation that accounts for the total number of terms N}, in the partial Fourier
decomposition of the network. The spectrum of the QNN has a size of NV}, = 259, and
depends solely on the data encoding strategy, regardless of the presence of entanglement,
which only affects the values of the matrix coeflicients C’j of the Fourier series [275].

4.4.2 Fourier decomposition of the output of the QNN

The mapping of the QNN into the output function is obtained performing a measurement
in the evolved system according to Eq. (4.4),

—

F(z,0) = (0|UTMU|0) =

2L@ oL@ 2L@ oL@
= Y Y (0| CIMC; |0y € — 3 30| G MC; |0y €7 (4.28)
=1 j=1 =1 j=1
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We want to write the double sum in a single sum in order to count the total number of
harmomcs in the expansion. Some frequencies may appear more than once, meaning
that M M; = M,, — M, for some combination of i ,J # k,n. We can group together
the 22LQ terms arlslng from the double sum of Eq. (4.28) and analyze all the possible
values that M;(3) — M;(@) can yield,

. . . Q

I=1q

Since X{;q = {1, —1}, the difference Xj — X/, can take the values {2,0,—2}. For each
frequency in Eq. (4.29), there exist three possuble coefficients, and since there are L()
frequencies & ,, we have 3¢ different harmonic frequencies Qj ;. As previously, let us
consider R(D), with D = L@, the group of the permutations {2,0, -2} of R elements,
such as R = {{2,2,...,2},{2,2,...,0},{2,2,..., =2}, ..., {—2,-2,..., —2}}. In this sense,
RF is the k-th element in R and R} the d-th element in R* with k = 1,...,3? and
d=1,...,D. Therefore, we can equivalently consider

L D
Q= Z Z — X/ )b, — Q=) RiJ. (4.30)
q: :

d=1

Defining ; through a bijection with &j 4, such that &} = &y 1, 05 = 12 ... I =L Q-
This allows us to rewrite Eq. (4.28), as a single sum with 3% terms,

—

LQ 3ke .
F(Z,0) = Z (0] A(RFY|0) - exp< > REG - _'> =) e’ T, (4.31)
Pt k=1

with /Al(Rk) — A% an operator that comes from the combination of C’J /\;lé'] and is
associated to one of the 379 frequencies. For example, the coefficient 121({2, 0,—2,0}) is
associated with the frequency 2} — 2d5 (or, equivalently, 20, 1 — 2d, 7). Some of the
coefficients ¢ = cx(a, ) = (0] A¥|0) might be zero, and thus the sum only contains
N, < 35@. Our goal in the next section is to determine the number of non-vanishing
coefficients depending on the operator that is being used to map the QNN to the output
function.

The number of terms in the expansion of F(Z,6) given in Eq.(4.31) is N}, < 35€.
Equation (4.31) describes the family of functions that a given QNN can learn through
two interrelated characteristics: the spectrum of Fourier frequencies Qj € R™ accessible
by the quantum model, and the tunability, that refers to the number of expansion
coefficients ¢; € R that a class of QNN can control independently, and defines the
set of attainable functions. It is important to notice that these two characteristics
are fully determined by the N, = LQ(n + 2) topological hyper-parameters (977(17 and
each set plays separate roles; &, controls the frequency spectrum, while oy, and 3,
the amplitude of each Fourier term c¢;. Crucially, the number of non-zero expansion

coefficients N, depends on the observable M used to map the function F(Z,6) — f(Z).
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Note that, in general, N, > N,. As a result, only a subset of both ¢; and 2; may
be totally adjustable, while the rest are constrained. The variational formulation of a
specific machine learning problem is equivalent to finding the best fit for the Fourier
decomposition. While the optimal combination depends on the specific problem to be
solved —i.e., f(Z)—, the expressivity of the network is determined by the topological
parameters N, and Nj,. As we will show, a final global readout of the network leads to
a larger set V), compared to local readouts in a non-entangling QNN. This enriches the
accessible functions that the QNN can access, leading to an enhancement of the network
accuracy when approximating f ().

In the upcoming sections, we determine the number of non zero expansion coefficients
N, for different encoding strategies M and network topologies.

4.4.3 One qubit network

For the particular case of a single qubit architecture Ay(L, 1), we recursively count the
number of vanishing ¢;(«, ). According to Eq. (4.20), L layers acting on a single qubit
produce the transformation

L A N A P
b= H(jvl+ezwl-z + Tlfefzwl-:r). (432)
=1

We need to compute the matrices A(R*) from Eq. (4.31) for a QNN with just
one qubit and L layers. The strategy consists in adding a new layer to a circuit
with L layers, U, — U L1 = Uty. For a single qubit network, we simply have
= (T;Fe™ ¥ + T e~ &%) We analyze the action of adding this extra layer,

3L ~
UiMUL =Y Akei?

k=1
3L )
k3=Ll _‘
] Z{ (T AT + (27 Ay ] e
k=1

3L L
=> Y H[AfJe e (4.33)

k=1aec{0,2,—2}
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Where we have introduced the superoperators

HO] = (L'OL" +(17)'01,
H20] = (17)'01}F,
H*0] = (I)'01} . (4.34)

From the derivation in Eq. (4.33), we observe that adding a layer to a single qubit
network adds three new frequencies to the Fourier spectrum: {Q} — {Q, Qi +
2wy, Q) — 2w }. The coefficients of the new network are directly obtained by applying
the operators H{ to the coefficients A% resulting in a new set of coefficients {A¥} —
{AL Y = {HY[AY), HP[AR], H 2 [AR]}. By defining the operation of adding an element
a € {0,2,—2} to a list R* such as {R* a} = {R}, RS, ..., RE a}, we can identify the
relationship between the matrices A pand Apiq,

Apn({RF,a}) = HE . [AL(RY)] (4.35)
From this, we can recursively obtain any term as follows:

Ry R}

AR = ARF) = 1 1 Lo ) ). (4.36)

The result of Eq. (4.36) is very powerful, as it allows to study the dependence of
the coefficients on the measured operator M across different layer architectures and
identify those that are zero. Specifically, for the layer definition given in Eq. (4.3), we
ilustrate how Hj', acts on each operator in spin basis,

H)[6,] = sin(20q)6, + cos (200)6.,
M) = 0,
IH?[&Z] = 0,
H = T, (4.37)
Hil6,] = 0,
Hi[6,) = i 5 [cos(2ay)6, — sin(2ay)6, — 16y,
Hi[6.) = 5 [cos(204)6, — sin(20y) 6, — 1G],
HN = 0, (4.38)
Hl_2[a-w] = 0,
H %6, = —i 5 [cos(204)6, + sin(20y) 6, + i6,),
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2B
H2e) = © 5 lcos(200)6 + sin(2a)3, + 6,

H2 = 0. (4.39)

If we use the observable M = 0., then all the terms associated with sequences where
R =0, ie, R* = {R},...,R¥ | 0}, return a coefficient equal to zero due to H?[5.] = 0.
The recursive relation then gives:

A(RY, L RE 0D = MU P A H06.]). ]
— B 0] = 0 (4.40)

In this case, out of the 3% sequences we initially had, one-third satisfy R¥ = 0. Therefore,
the total number of non-zero harmonics is N, = 2x/3, where x represents the maximum
number of harmonics, defined as y = max(N,(L = 1)) = 3%.

Alternatively, if we choose the observable M = 6, only sequences with terms
R} = 0 yield non-zero terms, resulting in x/3 harmonics, since H;[6,] = H; *[6.] = 0.
The harmonics obtained with M = &, are prec:1sely those that cannot be obtained
with M = 0,. Thus, using a general operator O = Uoll + Uy 0y + uyoy + u,0,, we can
potentially obtain N, = x harmonics.

The choice of layer definition also significantly impacts the number of harmonics.
For example, consider defining an alternative layer as follows:

—

£1(5,0) = RaQa) Ry (2  + A1), (4.41)
the new superoperators H* act as follows:

”H*O[A ] o 6y,
HOH*2(0]) o 6, (4.42)

Therefore, any sequence ending with an array of zeros after a 42 term, such as R* =
{..,2,0} or RF ={...,—2,0,0,0}, will make A(Rk) o &,. This implies that any sequence
ending with a zero necessarily produces a 6, term, except the sequence containing only
zeros. Since (0|6, ]0) = 0, the only non-zero coefficients are those for which Rf takes
the value {2, —2}. Thus, the total number of harmonics in this case is N* = 2x/3 + 1,
after including the sequence with all zeros. In a QNN build with the layer definition
EAT (Z, 9_2), the total number of harmonics becomes independent of the measured spin
operator, which represents a significant deviation from the previously explored case.

For the particular layer architecture given by Eq. (4.3), the number of expansion
terms NN, depends on the considered observable M, being the maximum number of
achievable terms max(N},) = x = 3%. As shown, the observables M = 6, and M = §,
lead to N, < 2 - x/3, while measuring the observable M =6, gives N, < x/3. In
general, such a layer topology is capable of reaching the maximal expressivity bound
N, = x by measuring the operator M =0 =u,l + u,b, + u, G, + u,0, along various
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Q=1 M
Gs 5, G, 10)
N L | x/3 2x/3 2x/3 X
h
LX) 2x/3+1 | 2x/34+1|2x/3+1|2x/3+1

Table 4.1: Maximum number N}, of non-vanishing expansion coefficients when expanding
the output of the network using one qubit ( = 1) into a partial Fourier series.
Different observables M and the encoding architectures given by Eqs.(4.3) and (4.41)
are considered. Here y = 3% is the spectrum bound.

directions defined by the coefficients u,, u,, u,, u, € R. Notice that using another layer
topology when constructing a data re-uploaded QNN might lead to a different number
of non-vanishing expansion coefficients. For example, the architecture given by ﬁf (7, 97)
results in N, < 2 x/3 + 1, regardless of the observable used for the readout. Table
4.1 presents the different achievable expresivities in terms of the observable M and
encoding layer.

4.4.4 Multiqubit architectures

The previous results can easily be generalized for multiqubit Ay (L, Q) architectures
without entanglement by taking the outer product of the unitary acting on each qubit,
ie.,

(4.43)

with 9, = [T 1(TJr I 4€ ~#%ueT)  The absence of the entangling gates between

layers allows an exchange of products over layers and qubits in Eq. (4.26) to recover
Eq. (4.43).

Now, two different cases are considered depending on the election of the observable
M. At first, we consider that the mapping M of the whole system is composed of local
measurements Mq of the individual qubits M= Z?:l Mq. As a result, the generated
output is decomposed into

Q
(M + ...+ Mp) (&) 9,) |0)

—

F(Z,0) (4.44)

Q
= (0 ®Uq = Z (0] ﬁquﬁq 0) .
q=1

Each term (0| vl/\%q@q |0) in the expansion produces Nj(L, 1) coefficients, leading to
a total of Ny (L, Q) = @ - Ny(L, 1) non-vanishing expansion coefficients of the partial
Fourier series for the Ay(L, Q)) architecture.

Alternatively, we can perform a global measurement of the network by defining the
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~

Q=27L M
6l+62 | 6le6? | O
without £y | 4x/3 /9 | X
Ny | Ey all layers | 5x%/9 4x%/9 X
By last layer | 4x%/9 | 4x%/9 | x?

Table 4.2: Maximum number N, of non-vanishing expansion coefficients when expanding
the network’s output F'(Z, 5) into a partial Fourier series using () = 2 qubits. Different
observables M are considered when using the encoding architecture. In particular, the
number N}, is compared with and without entanglement. Here N, is compared with the
maximum number of harmonics of a single qubit network y = 3%.

observable M = ®Q 1/\/1 In this case,

- Q Q Q
F(Z,0) = ® ,%®Mm>®MQ® = [T (0l viM,d,10), (4.45)

q=1 qg=1

leading to Nu(L,Q) = Nj(L,1)? non-vanishing expansion coefficients. The same
architecture can generate more harmonics by just modifying the measured observable.

4.4.5 Last layer entanglement

As commented on at the beginning of Sect.4.4 and further elaborated by Schuld et al.
[275], entanglement does not extend the frequency spectrum of the unitary transformation
given by Eq. (4.26), but only affects the values of the matrix coefficients é'j. A systematic
approach to analyze the full tunability of C} is still needed. However, entanglement does
affect the size of the spectrum of F(Z,0) that involves the mapping of f(Z) through
an observable M. To gain a physical understanding of the effects of introducing
entanglement exclusively in the final layer, we examine a specific network architecture
with Q = 2 and the observable M = 4 = ! + 42, When the last output layer
incorporates an entangling gate in the form of Eq. (4.9), the resulting neural network
is equivalent to a non-entangling Aq(L,2) topology being mapped by the effective
observable

M' = ESME, = E}6' B, = 6} ® 62 — 6, @ 62. (4.46)

In this case, M’ is a global observable and increases the number of non-zero expansion
coefficients compared to the local M = ot°t readouts. More generally, the exact number
of generated expansion coefficients depends on the newly transformed observable M
through E,.

4.4.6 'Two qubit architecture

We can compute the superoperators H; for networks with more qubits. When adding a
new layer to an existing network with () qubits, the number of harmonics increases by a
factor of 3¢. Consequently, the number of required superoperators also scales as 3% - one
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for each new frequency. This scaling makes the problem more complex as the number of
qubits increases. However, the structure of these superoperators is predictable, allowing
us to explore the role of entanglement. By following the same procedure used to derive
Eq. 4.33, we obtain:

3L
Ui MUL =Y Y S e Ah O ) @
k=1a1€{0,2,-2} a2€{0,2,—2}  ag€{0,2,—2}
(4.47)
Let us consider all the superoperators H; for a entangled two qubit network:
>0 D (T @ T))(E) O L (T}, @ 7)),
=+ j=+
H?0] = (T, ® 1) () OEL(T, @ T;1)
i—+
H0l = (T @ T (EY 0BT, ® Try),
=%
H 0] = (T, @ T (E) 0T @ 1),
i=+
H2(0] = (I 1) (B 0BT « 1),
H 0] = (T, @ T)N(E) OE(T, @ 1),
H, 0] = Y (The T (E) 0BT, @ 1)),
=%
H 0] = (T 9 TH) (B 0BT, @ 1)),
H270] = (T o TH)NEDIOEY(T, © Thy). (4.48)

When there is no entanglement the definitions are the same, but removing the
entangling gate BS. Again, we can build the matrices A(RF) recursively:
RE Rk RY, . Rk RY,_|,RY

ARy = B gy o o )L (4.49)

We analyze first a network with layer architecture given in Eq. (4.3), when EAé is introduce
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in all layers, and when we measure the obserbable M = ot = 61 + o2, In this scenario
we have,
H2 (67 = H) 6] = H o = H, 6] = 0. (4.50)
Therefore, any sequence ending with one and only one zero in their two last terms,
such as R¥ = {...;ap_3,0,2} or R¥ = {...,ap_3,—2,0}, yields a harmonic with zero
amplitude, and as this happens for four out of nine cases, the total number of harmonics
is N, < 4x2/9. Alternatively, if we measure the operator M = 6! ® 62 instead, a similar
analysis shows that N, < 5x?/9. In both cases, the maximum number of harmonics can
achieved by measuring a general operator 0, ® O,.

In Table 4.2, we present the spectrum sizes of F(Z, 5) generated by various mapping
strategies and topologies for two-qubit QNNs. When considering architectures with
entanglement across all layers, the factorization approach outilned in Eq. (4.44) is not
applicable. Despite this increased complexity, we observe similar scaling behaviors in
the QNNs. This indicates that the presence of entanglement across layers does not
fundamentally alter the overall scaling trends seen when entanglement is introduced
only in the last layer.

We can generalize the expressions from Eq. (4.48) to multiple qubits by analyzing

the three possible values of a4 in H;"“q""
H; 0 [0] = (o) e )EYOE (.ot ®..)+
+ (o) e JEYOE (. 0T,®..)=
= Yo f) @ N EYVOE . e T, ®..)
i=+
Hi 0] = (o () o JENOE (. .eT)®..),
H 0] = (o (@h) e )EYOE (. of, ... (4.51)

With these definitions, we can derive similar equations to Eq. (4.49) and analytically
investigate the structure of the coefficients ¢; for any architecture.

4.5 Numerical results

For simple topologies, we were able to analytically characterize the expressivity of
a network by counting the number of non-zero expansion coefficients in the partial
Fourier decomposition. However, for complex deep QNNs, this procedure becomes more
intrincate. An alternative approach involves directly Fourier transtorming the generated
output F(Z,0) — F(,6), with the number of coefficients ¢; determined by the count
of peaks in the Fourier transform. This numerical procedure allows us to extrapolate
the harmonics count to deep entangling A; (L, Q) models straightforwardly. In Fig. 4.2,
we plot the Fourier transform of the outputs generated by (a) Ap(2,2) and (b) A;(2,2)
using the same encoding observable M = Z ~ 162 and the random but identically

initialized set of parameters §. The number of peaks in both the architecture without
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Fig. 4.2: Fourier transform of the output generated by a randomly initialized QNN
showing different expansion coefficients ¢;, by using (a) AJ(2,2) and (b) A{(2,2).
Sharing the same 7 and ] values, both QNNs have the same number of variable
parameters, however, the AT(2,2) model generates more harmonics. The measured

operator is M = 6t = 5! 4 52.

and with entanglement (12 and 36, respectively) matches the analytical expressions in
Table 4.2. Although both Ay and A; have the same number of tunable parameters, the
inclusion of entanglement in the QNN triples the spectrum.

To quantify and visualize the ability of the network to generate non-zero expansion
coefficients in the partial Fourier decomposition, we define the ratio I' = N,/N,,.
This index quantifies the number of harmonics per adjustable parameter in the QNN.
Considering the encoding observable described above M= ZqQ:l a4, for Ay(L, Q) models,
Ny = Q - 2x/3. Consequently, the ratio I' grows as 3%/L, regardless of the number
of qubits, as depicted in Fig. 4.3. In this figure, we compare this result with the I"
parameter of A;(L, Q) models, which incorporate entangling gates in all layers. While
both Ay and A; have the same number of adjustable parameters NV, remarkably, the
mere presence of entanglement further amplifies the exponential relationship between I"
and L as the number of qubits increases.

4.5.1 Teacher-student benchmark

In this section, we systematically evaluate the neural network approximation capabilities
for real-continuous functions when considering various architectures, i.e., network depth,
number of qubits, and presence or absence of entanglement in all layers. To benchmark
the QNNs and minimize any potential dataset bias, we employ the teacher-student
scheme [257, 278]. The teacher model (T) generates datasets by mapping random
inputs to outputs, and these datasets are subsequently learned by the student models
(S). To assess the performance of the student models, we employ prediction maps to
qualitatively compare and visualize the similarity between T and S, see 4.5.1. For a
rigorous quantitative comparison, we benchmark the average performance [279] of both
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10°

‘ iQ — 3

Fig. 4.3: Ratio I' as a function of the number of layers L for different number of
qubits @, computed numerically through the procedure depicted in Fig. 4.2 (symbols).
All the Ay models collapse to the same ratio independently of the number of qubits
(red-solid line). entangling models A; show a different exponential slope for Q = 2
(cyan triangles), @ = 3 (blue squares), and () = 4 (black circles). The analytical results
[ =235 /[(2+ n)L] (red-solid line) and T' = 5(3%71)2/[(2 + n)2L] (cyan-solid line)
fit these trends. The dashed lines facilitate the visualization of the linear dependency.
In all cases the measured operator is M= Zqul ol

models through the loss function in Eq. (4.5). subsectionA particular example

In this section, we discuss in more detail the results presented in Fig. 4.7, where
different A7 (4, L) students are trained for five different A7 (4,8) models. In Fig. 4.4a,

we present the prediction map F(Z, 5) of one of these AT (4,8) teachers. The teacher
prediction map is used as the target function f (&) for the outputs F(#, #) of the students.
For the case L = 8, we present in Figs. 4.4b and 4.4c the predictions of two S-models,

A5 (4,8) and A7 (4,8), respectively, both initialized with the same set of parameters 6.

Alternatively to the values of the cost function presented in Fig. 4.7, these prediction
maps allow to study the predictions locally, and understand which patterns and structures
the models are able to learn. The student without entanglement is able to reproduce
the overall pattern of the teacher. However, it fails when replicating smaller details,
which we associate to higher frequencies. On the contrary, A7 makes a better work
at approximating the teacher. Note that, in this case, both the teacher AT (4,8) and
student A7 (4,8) models are the same. However, the optimizer gets stuck in a local
minimum during the minimization process, leading to small discrepancies f(Z) — F'(Z, 5),
see Fig. 4.4d.

The role of the teacher is to map the input data & through a QNN into a random
output function F(Z,0) by the observable M = Z? &2, which then becomes the target
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Af(4,8) Aj(4,8) Af(4,8)

z)

Fig. 4.4: (a) Bi-dimensional output generated by a teacher A7 (4,8). The contourplot
corresponds to the target function to be approximated by the different student models.
(b) Corresponging approximation generated by a student Aj (4, 8) without entanglement
and (¢) by A$(4,8) with entanglement. (d) Difference f(Z) — F(Z,6) for both student
models.

‘ 0.512/
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Fig. 4.5: Prediction maps generated by different T models of a QNN containing () = 4
qubits in different number of layers. Upper (lower) panels correspond to QNNs of
AL (AT) architectures. Any pair {AT, AT} with same L is equally initialized in the
network parameters 6 and input Z, but differs in the presence (absence) of entanglement.

F(Z) of S models. All the adjustable parameters § € [—5,5] and K input values
Z € [0,1]" are randomly initialized to avoid any possible bias on the datasets. The
complexity of the target function f(Z) can be controlled by the depth of the teacher

architectures.

In Fig. 4.5, we show the output functions generated by several T-models containing
4 qubits, without entanglement (upper panel) and with it (lower panel), when the input
data is two-dimensional, n = 2. Deeper architectures (left to right) provide in general a
‘richer’ topology in F(Z, 6).

First, we analyze the performance of the student as a function of the depth of the
network, L. To this end, we focus on unidimensional (n = 1) regression problems. We
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Fig. 4.6: (a) S-model outputs composed by a single qubit with different number of layers
L (solid-lines) are listed to learn the targets f(z*) function randomly generated by the
T-model AZ(10,10) (red-dashed). A single qubit QNN A5(4,1) run in ibmq_belem
shows its learnability (black circles). (b) Corresponding loss error C (4.5) in terms of
the data re-uploads L. (c) Output of the teacher AZ(5,8) (continuous contour plot) for
a two dimensional problem n = 2 and the fitting result for a smaller A5 (2,2) student
(dashed contour plot). (d) Corresponding loss error C for different student models
A5 (2, Q) fitting the bi-dimensional data (c) generated by A7 (5,8) (red-dashed line).
Parameters K = 400 and R = 10.

create a Al'(10,10) T-model, which randomly generates the output corresponding to
the target function f(z*) that is depicted by the red-dashed line of Fig. 4.6a. Then,
different A5 (L, 1) S-models are trained to approximate this function. As inferred from
Fig. 4.6b, the S-model’s performance improves as the number of layers is increased,
until it reaches a point of saturation, at which the minimum value of the loss function C
becomes independent of L. For a fixed network topology, the particular value of min(C)
and layer at which it saturates depend on the specific target function and input-data
size. Note that a A5 (4,1) QNN programmed in ibmq_belem (black circles of Fig. 4.6a)
already reaches C ~ 1075, evidencing the capabilities of a single qubit as a universal
approximator [274].

Secondly, we study the performance of QNNs in terms of the number of qubits, @,
by fixing a Al (5,8) T-model architecture for a two-dimensional input data (n = 2)
and considering different A5(2, Q) students. In Fig. 4.6¢, we observe that a student
with two qubits and two layers can produce an output function that closely resembles
that of the teacher. In Fig. 4.6d, we represent the cost function as a function of the
number qubits of the student. A similar trend is obtained, the approximation power of
the S-models increases with the number of qubits until the loss function saturates.

Analogously to classical neural networks, where the approximation power increases
with the number of hidden layers and neurons [280], the accuracy of the QNN increases
with the amount of data re-uploadings (or layers) and number of qubits. However, in
contrast to its classical counterpart, the QNN regression capabilities can be significantly
enhanced with the incorporation of quantum resources, such as global readouts or
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entangling gates.

Therefore, our objective is to examine how entanglement influences the network
approximation capabilities. For two-dimensional input data (n = 2), we generate
different T-models, Al (Lyjaz, Q) or A¥(Lpsas, Q). Subsequently, we evaluated the
performance of the S-models, A5 (L, Q) and A7 (L, Q), for both of these teacher models.
The depth of the students ranges from 1 to Ljys4., where Ly, represents the number of
layers in the T-models. To expand the benchmark, each T model is randomly initialized
M times, creating multiple target functions for students. As a result, for fixed teacher
and student architectures, the QNN is evaluated M x R times, where R is the number
of different initializations for the S-models.

In Fig. 4.7, we plot the average student performance C = > C;/M on different
realizations as a function of the number of layers for both the A5 and A7 models. We
focus on the AT target function, as it generates a more complex data structure due to
the effect of an entangling readout. The case A} is analyzed in 4.5.2. However, both
scenarios lead to similar conclusions. When comparing the various plots in Fig. 4.7, it
becomes apparent that, as the number of layers in the QNN increases, the differentiation
in the performance of both Aj and A7 becomes increasingly noticeable. This observation
is readily apparent in Fig. 4.3; for two pairs of QNN with the same number of qubits,
A5 and A7, the difference in their values T increases with L, primarily due to the higher
number of harmonics generated in the entangling network. A similar behavior is also
observed when the number of qubits is increased in the A7 topology, as was already
anticipated in Fig. 4.3. For a fixed number of layers in the entangling architecture, the
steepness of I' increases with @), leading to a larger set of Fourier harmonics. However,
this is not the case for A3 networks, since they all lead to the same T value, regardless of
the number of qubits. As a consequence, the efficiency of different A5 models saturate
to a common C value. This behavior is more evident in the figures presented in 4.5.2.
As a result, a deep QNN involving a global mapping of f(Z) leads to improvements of
1-2 orders of magnitude in the approximation accuracy compared to local readouts in a
non-entangling network; see Fig. 4.7. Finally, note that, in general, deep entangling
QNNs also present higher robustness over different realizations in the predicted output,
as inferred from the smaller vertical lines of Figs. 4.7 and 4.8 showing the standard

deviation AC = \/wa(ci —C)2/M.

4.5.2 Target function: the role of entanglement

Previously, we have analyzed the ability of both the A5 and A7 models to approximate
a target function generated by an entangling QNN. Here, for completeness, we analyze
the case of data generated by non-entangling models, Al (Ly/q., @), and analyze the
differences with the previous case. According to 4.5.1, the role of entanglement in the T
models is to provide a more complex target function to approximate and thus increase
the demands of the students. For the AL (Lpsaz, @) models, see (a)-(c) in Fig. 4.8, we
observe a small difference in the global performance of both A5 and A7 . In such cases,
the overall accuracy of the entangling S-model beats the non-entangling QNN, except
when simple networks (low number of layers L) are considered. This may be attributed
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Fig. 4.7: Mean loss error C as a function of the number of layers L for different student
models A5 (L, Q) (red dashed-lines) and A7 (L, Q) (blue solid-lines). The target function
is prepared by teacher models AT (Lj/q., Q) containing entanglement and (a) Q = 2,
(b) Q =3, and (¢) @ = 4 qubits. Parameters: n = 2, K =400, R =5, and M = 5.

Q=2 Q=3 Q=14

Fig. 4.8: Mean loss error C as a function of the number of layers L for different student
models A5 (L, Q) (red dashed-lines) and A7 (L, Q) (blue solid-lines). The target function
is prepared by T-models A% (Lasaz, Q) without and (AT (Lasaz, @) with) entanglement,
top (bottom) panels. From left to right, the teacher QNN contains ) = 2, Q = 3, and
) = 4 qubits. Same parameters as in Fig. 4.7.

to an overestimation of f(Z) due to the non-tunability of a larger set of coefficients ¢; in
the partial Fourier expansion (4.31). Note that increasing the complexity of the QNN
(increasing @) displaces the crossing point of C plots to the left, indicating that small
entangling networks A7 exceed the accuracy of A3 earlier. We also observed a faster
saturation of the accuracy C in A5 compared to A. Although both QNNs have the
same restricted number N, = LQ(2 + n) of adjustable parameters and thus accessibility
to the expansion Fourier basis elements eihi ¥ , the larger spectra 2; of A? compared to
A5 reduces the misestimation of f(#) by non-tunable expansion coefficients ¢;. As we
can see in the bottom panels (d)-(f)

The expressive power of the QNN primarily depends on its topological parameters.
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However, when considering regression tasks, other factors such the QNN readout M
come into play. Generally, a larger I" parameter tends to result in a smaller average error
C, providing a higher accuracy when interpolating f(Z), except in two distinct scenarios.
Firstly, for small QNNs (as depicted in Fig. 4.7a), or when dealing with simple f(Z)
structures (as shown in Fig. 4.8), there can be an overestimation of f(z). The additional
harmonics introduced by A7 (L, Q) can lead to a less accurate estimation compared to
the non-entangling model A5 (L, @), resulting in a decrease of the network accuracy.
Secondly, even though the expressive power grows exponentially with the number of
layers, we observe a saturation in the accuracy of deep QNNs. Both phenomena can be
attributed to the fact that the IV, Fourier coefficients have limited tunability due to the
finite number N, = LQ(n + 2) of adjustable parameters.

4.6 Outlook and conclusions

We have analyzed the expressivity of a universal data re-uploading QNN and systemat-
ically benchmarked its performance in regression tasks, showing the relevance of the
observable that maps the network generated output and the target function. By using a
partial Fourier series representation to quantify the expressivity of the QNN, we are
able to limit the maximum expression power of the network. We show that the presence
of entanglement, produced by a global readout of the QNN or by the incorporation of a
final entangling layer, leads to the maximal expressivity of the network. As a result, the
approximation capabilities improve with respect to those based on local readouts of the
output qubits.

This work paves the way to several prospective research lines. For example, (7)
searching for alternative mapping and encoding strategies to expand the partial Fourier
decomposition of the generated output, and thus enlarge the approximation efficiency of
the network, such as using different building blocks for the QNN like multi-level qudits
[281] or unbounded quantum systems; (i) looking for applications where the designed
QNN acts as a new element in a larger quantum protocol. In this context, there is
the potential to design novel neural network-based quantum gates [266], which expand
the quantum computing toolkit and streamline the complexity of existing algorithms.
These gates can be engineered to influence the response of specific observables to input
signals [248], opening the door to new sensing schemes, as well as providing efficient
representation and classification of large quantum many-body systems [282, 283].
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Chapter 5

Conclusions

This thesis presents a comprehensive exploration of the properties, manipulation, and
applications of nitrogen-vacancy (NV) centers in diamond, quantum neural networks, and
their potential for advancing quantum technologies. Across the three chapters, we have
systematically investigated and developed experimental, theoretical, and computational
frameworks that contribute to the growing field of quantum science and technology.
This thesis concludes by identifying several promising research topics and avenues for
future exploration based on the findings and advances presented. These new directions
address not only current challenges, but also leverage the developed techniques to push
the boundaries of quantum science and technology further.

We successfully designed and implemented a confocal system capable of detecting
and controlling single NV centers. This achievement is particularly significant, as
it represents one of the first demonstrations of such a system in Spain, laying the
groundwork for future quantum technology research in the region. The confocal setup,
equipped with capabilities for coherent spin control and precise detection of NV center
magnetic resonance, serves as a versatile tool for various quantum applications, including
quantum sensing, biosensing, and quantum information processing.

The practical challenges and proposed enhancements, such as improved laser power
measurement, more stable optical configurations, and the potential for further minia-
turization, highlight the ongoing need for refinement in experimental setups. These
improvements aim to improve the reliability, precision, and accessibility of the sys-
tem, ultimately broadening its applicability and impact within the quantum research
community.

The study on the PES of the NV center provides deep insights into the photon
emission processes, linking the qubit state with the detected photon stream, and
exploring state-readout optimization. By experimentally validating the PES model,
we confirmed its utility in characterizing the dynamics of the center of NV in various
scenarios, including magnetic sensing experiments. The characterization contribution
extends beyond the NV centers, as the PES method can be adapted to other color
centers and quantum systems. The ability of the model to incorporate other complex
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phenomena like ionization, wave-length dependence, and two-photon absorption offers
a powerful tool for refining current NV center measurements, proposing new read-out
techniques, and ultimately enhancing the sensitivity and precision of quantum sensing
devices.

Finally, we analyzed the expressivity of universal data re-uploading Quantum
Neural Networks (QNNs) and their performance in regression tasks. By quantifying the
expressivity using a partial Fourier series representation, we identified the limitations and
strengths of their approximation capabilities. The results demonstrate that entanglement,
whether introduced through global readouts or entangling layers, significantly enhances
the expressivity of the network and improves its approximation accuracy.

This work opens up new research avenues, including the exploration of alternative
encoding strategies to expand the expressivity of the QNN and their integration into
larger quantum protocols. The potential to design novel neural network-based quantum
gates and their applications in quantum sensing and classification of quantum many-
body systems underscores the versatility and promise of QNNs in advancing quantum
computing and machine learning.

Overall, this thesis makes significant contributions to the field of quantum tech-
nologies by advancing the understanding and manipulation of NV centers, developing
sophisticated models for their behavior, and exploring the potential of quantum neural
networks. The experimental and theoretical frameworks presented herein not only pro-
vide valuable tools for current research but also lay the foundation for future innovations
in quantum sensing, computing, and information processing. As the field continues to
evolve, the findings and methodologies developed in this thesis are poised to play a
crucial role in the next generation of quantum technologies.
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